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Introduction

2D TDOA-based Localization

Problem: point-like (acoustic) source localization based on the
time differences of arrival (TDOA) of a signal to distinct
receivers lying on a plane.

Experimental data:

VA N /r ~ the TDOAs 7j; of the signal to
'm, mo receivers m; and m;, measured
as the time shifts of the signal
_ I wavefront.
.

Goal: obtain a complete description of the statistical model
behind TDOA-based source localization, possibly with
unsynchronized and uncalibrated receivers.
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The Geometric Propagation Model

di(X) =X—m; d,‘(x) - ”dI(X)H
7ji = measured TDOA

€ji = measurement error
Propagation speed equal to 1.

7ii(x) = di(x) — di(x)
7ji = () + €i

7jj(x) = 7ji is an hyperbola branch
with foci mj, m; = the source is at
the branches intersection.

e Deterministic problem: if ¢;; = 0, conditions for existence
and uniqueness of the localization (the identifiability problem).

e Statistical problem: if ¢; # 0, characterize the non linear
(and non algebraic) model.
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The GPS Problem

In the classical GPS problem one searches the location of a
source in space using the times of arrival t; of signals (TOAs)
from n distinct satellites to the GPS receiver.

The TOA Model: ti(x) =di(x)+¢e+b

e Because of the low accuracy of the receiver clock, one
has to consider an additional bias b for each TOA.

e In order to eliminate b, one chooses a reference satellite
m; and takes as input data the differences t;(x) — t;(x).

In the deterministic case the GPS problem reduces to
the TDOA-based localization.

e Existence problem: how many satellites are necessary
to locate a source?

¢ Uniqueness or Bifurcation problem: in which cases is
the localization unique?
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The TDOA Map

Hypothesis:
e a source x € R?;
e n+ 1 synchronized and calibrated receivers my, ..., m, € R?;

e noiseless scenario, i.e. €j; = 0.

7ji(x) = Tjo(x) — Tio(x) = nindependent Tjo(x), i =1,...,n.
The TDOA T, R? — R"
map X — (Tlo(X), ey Tno(X))
Given a measurements array 7 := (71,...,7,) € R”, we have:

o Existence of localization if, and only if, 7 € Im(7,), so the
reduced set of noiseless measurements is Im(7,).

e Uniqueness of localization if, and only if, |7, 1(7)| = 1.

The case n = 2 is the first one allowing the injectivity of 7,.
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The TDOA
Map

The local analysis of 1

Tio(x) € C®(R?\ {mg,my,my}) and Vrjo(x) = di(x) — dg(x).
D=7 o(r Un")
The jacobian of 7 at x #

mog, mp, mp has

1 ifxeD
2 otherwise

tk(J) = {

Ai(r) ={x € R2| Tio(x) = 7}, where 7 € R.

Proposition:
Assume x € A;1(11) N Az(72). Then, A1(71), A2(12) meet
transversally at x if, and only if, x € R2 \ D.
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The Algebraic Global Analysis
Let 7 = (71, 72), we denote A;(7) := A;i(7;). We have
T € Im(m) if, and only if, Ai(7) N Ax(T) # 0.

mo

2D algebraic approach:
e Intersection of the two hyperbolas containing A1 (7), A2(T).

e Problems: extra intersections, complex intersections.
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Marco T = dl(x) - dO(X) =
Compagnoni Ty = dz(x) _ do(x)
The TDOA n—T=d (X)
Mep T — T = dQ(X) =

T = —do(x)
(7’1 — 7’)2 = dl(x)2
(2 — 7')2 = dz(x)2
7'2 = do(X)2

3D algebraic approach:
e Intersection of three (half-)cones.

e Partially linear: the problem is equivalent to the intersection
of a (half-)cone and two planes.

e No misleading solutions.
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The 3D Minkowski Space

Notation:
X =(x,7) D;i(X,7) = X — M;(7)

Mi(r) = (m,7)  Dylr) = My(r) - M(r)
The cones intersection:
{ IDo(X, 7)|? =0 _ { Do (X, 7)||> =0

IDi(X, 7)[I> =0 (Dio(7), Do(X, 7)) = 3 || Dio() 1>

Let us define:
o Go(1) ={X €R>" | | Do(X,T) |]>=0};
o Co(t)” ={X € G(r) | (Do(X,T),e3) > O}.
o Ni(t) = {X € R*" [ (Dig(7), Do(X, 7)) = 3 || Dio(7) [I*}

Theorem

Let 7w : R>! — R? be the projection onto the x—plane. Then
- _ [ Ai(T) ifrig—do . . ,.

7T(C0 N n/(T)) = { A,‘(’T) U rJO if 7 = —djg with i 75_].
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The Source Solution

Linear problem: L(7) = Ti(7) NMa(7) is a line for each
T € R?, containing the point Lo(7) and parallel to v(T)

_ #((ID10o(7)[1*d20 — [[D20(7)|[*d10) A e3)

Do(Lo(7)) = 2[|d1o A dao|

V(T) = *(Dm(T)/\Dz()(T)) = >|<((dm/\dzo)+(72d10—T1d20)/\e3).
Quadratic problem: A;(7) N Ax(7) € n(Cy N L(T)). Hence,
we study [|Do(Lo(T)) + Av(7)||?> = 0, or, explicitly,

Iv(T)II?A% + 2A(Do(Lo (7)), v()) + [|Do(Lo(7))[|* = 0.

This equation in A € R has degree at most 2, with coefficients
depending on T.
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The Source Solution Analysis
By setting:
o a(7) = |v(7)|[> = [[r2d10 — T1d20]|* — [|d10 A d2o?
e b(7) = (Do(Lo(7)),v(7)) =

_ (n2dig — T1da, ID20(7)[]2d10 — ||D1o(7)]|*d20)
2||d10 A dog|

|1D10(7)2d20 — [|D20(7)[|d1o

o (1) = [[Do(Lo(7))[? =

4{|d1g A dao]|?

= a(T)\? + 2b(T)\ + c(T) = 0.

We are interested into the real negative solutions, therefore we
use Descartes’ rule of signs to characterize Im(7).

The coefficients are polynomials with respect to 71, 7.
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The Polytope

—dio <11 < do
—dyo < 1 < dyg
—dh1 < —11 < d

The six inequalities define a polygon
P>, i.e. a two dimensional convex
polytope. P, has six facets F,f.

Py = {1 € R*||D(7)* > 0, ¥ i,j}

o Im(T2) € Py, in particular m7Y(FF) = ri" and 72" }(R¥) = m.

o A(T) = b(1)? — 4a(T)c(7T) = 0 is a sextic algebraic curve in
the 7—plane, and it factors as the six lines supporting Ff.

e A>0on P,
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The analysis of the coefficients

R R _ ||ID10(7)[Pd2o— (D20 (7)1 |
N = oA dl?
e c(r)=0iff € {R°,R*, R}, RO},
E e ¢(7) > 0 otherwise.

a = ||m2d1g — T1d20]|? — ||d10 A daol|?

e a3 =0 is the unique ellipse E
tangent to each facet of P»,

RY B

e a3 < 0inside E and a > 0 outside.

b(t) = (r2d10—T1d20,[|D29(7)|[*d10—[|D10(7)[*d20)
2[[d1oAd2o]]

e b =0 is the unique cubic C through the 11 marked points,

e only the odd circuit C, of C contains the 11 points, while the
even circuit Ce (if it exists) does not intersect P;.
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The Image of 1

e On the light gray region E~ we have
a<0and c>0.

e On the medium gray region U =
Uo U Uy U Us we have a, b,c > 0.

Theorem

o Im(m) = E-UU\{TE, TE, T

1 2 ifrel
o I ()| = :
1 ifrelm(mn)\U

T € 0P NIm(m): L(7),Cy and Ai(T), Ax(T) meet tangentially.

T € E: L(7) is parallel to a generatrix of Cp and A1(7), A2(7)
have one parallel asymptote.

T € E~: L(7) intersects both C; , G and |A1(7) N Ax(7)| = 1.
7 € U: L(7) intersects twice C; and |Ai(7) N Ax(T)| = 2.
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The Bifurcation Problem
Given 7 € Im(72) and a negative solution A(7):
x(7) = Lo + A x((m2d19 — 71d29) A €3).
Theorem:
o £ =my"1(E) is the bifurcation

curve, separating the 1:1 and 2:1
regions of 1o;

e on E we have 3
A1) = —c(7)/2b(T), thus E is
a rational quintic, smooth on R2.

e The localization is unique on light grey region E-= T YET);

e 7 is a double cover on medium grey region Uy U U; U 02:7'2_1((/),
where D and 0P, are the ramification and branching loci.

o As T approaches to P2, 72 ~1(7) converges to a point on D.
As T approaches to E, 727 1(T) converges to a point on E and to
another at infinity.
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The Complete TDOA Map

In a noisy scenario we have to consider all the TDOAs.

™ R — R3
X — (7'10(X),T20(X),7'21(X))

The set of noiseless measurements is Im(72*). It is
contained into the plane

H:{T*€R3|Tfo+7'§0—7';1:0}.

Let p;:R3—R? be the projection forgetting the i-th coordinate.
Then, we have:

T =p3om* and p3:Im(m*) «— Im(7m)

The description of the measurements set Im(72*) is the starting
point for the study of the statistical model.
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. Im(73) is a semi—algebraic set contained in a sextic surface ¥.
ngn::.ton; e Y is tangent to all the facets of the polytope Ps.
e 3 has many singular points and a singular locus on a conic S
contained in the plane 1.

Extra



Geometry of
TDOA- . .
Jased The Localization Problem

Localization

Marco
Compagnoni

The
complete

TOOAmap @ The TDOA map 73 is a homeomorphism if, and only if, the
about T3 convex hull of mg, ..., ms3 is a triangle.
o If the convex hull is a quadrangle, there are two 1D sets Gy, G
where the TDOA map is 2 : 1. We have G; U G = 137 1(S).

e The ramification locus is Dy U D, where rk(J(73)) = 1.
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Conclusions and Perspectives

this work:

we studied the planar TDOA-based localization problem with
three receivers in a noiseless scenario;

in particular we have characterized the measurements space
and the bifurcation curve in terms of real (semi)algebraic sets;

we introduced the complete measurements space.

future works we will:
complete the cases n > 3;
study the 3-dimensional TDOA-based localization;

study the statistical properties of the model.
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Marco Ai(1) = {x € R?| 7;(x) = 7,7 € R} is the level set of 7;(x).
Compagnoni

aj
o If |7| > djo, then A;(7) = 0.
o If 0 < |7| < djo, then A;(7) is the branch of hyperbola
with foci mg, m; and parameter 7.

rJ+ if 7= d,
° Af(T) = rj_ |f7— = — i0

Extra .
aj ifr=0



Geometry of
TDOA-
based
Source
Localization

Marco
Compagnoni

Extra

The 3D Minkowski Space

We take:

V' a 3—dimensional R—vector space and AV its exterior algebra;

e b:V x V — R a non—degenerate, symmetric bilinear form with
signature (+ + —);
e B = (e1,ep,e3) an orthonormal basis.
Then:

(u,v) = b(u,v) = (37, uier, 30, vie)) = urvy + tovo — usva;
lu 2= b(u,u) = | 0, viei [[>= uf + u3 — u3;

(ug,vi) ... (u1,vk)
(Up A - - Aug,vp A+ Avg) = det :

(e, ve) oo (o, vi)
(e1 Aey,e; Aes, ex Aes) is an orthonormal basis of A2V with

signature (+ — —);
w:= e;Aep/\es is an orthonormal basis of A3V with ||w||*=—
% AKV — A37KV defined as x A xy = (x, y)w
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Jos
’ c(t) = [|Do(Lo(7))II* =
P, 5
|ID10(7)|?d20 — [|D20(7)|*d10]|
o 4||d1o A dao|?
Fy
Ry R
Proposition

c(T) is a degree four polynomial in (71, 72) and:

o c(1) =0 iffT € {R° R* R}, R}, otherwise c(t) > 0.

o Vc(r) vanishes at R, R*, Ry, RY.

e InP2, c(7) = 0 is a quartic algebraic curve with four (real)
singular points, and so it factors as two conics.

Extra
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@ g T a(t) = v(7)|I” =

| 72d10 — T1d20]|? — ||d10 A d2o]|?

Rl
o E:={1cR?|a(r) =0}
o Et :={1 cR?| a(T) > 0};
Ty e E-:={1 cR?| a(T) < 0}.

L%

TR

Proposition

a(T) is a degree two polynomial in (1, 72) and:

e £ C P5 is a smooth ellipse with center at 0.

e £ is the unique conic tangent to each facet of P;.

Extra e E~ is the connected component of R? \ E containing 0.
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Compagnoni

o C:={TeR?|b(1)=0};

o Ct:={r €R?| b(7) >0},
T;K o C~:={TcR?| b(1) <0}
RY 17 R}
Proposition

b(T) is a degree three polynomial in (11,72) and:

o C is the unique cubic curve containing the points
TS, T, T, RO, R R*, Ry, 0.

e C is a smooth curve, unless dig = dog. In this case, C is the
union of a line and a conic.

Extra
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e C is a cubic curve with 2—fold rotational symmetry w.r.t. 0,
which is an inflectional point if C is smooth.

e C intersects transversally E and the lines supporting 0P;.
e The tangent to C at RO, R{), R*, Ry are orthogonal to Foi.

Proposition
If C is smooth, the points Toi, Tli, TQi, RO, R*, R?, Ry, 0 belong
Extra to the odd circuit C, of C, while the even circuit C, (if it exists)

does not intersect Ps.
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The Quintic

Given T € Im(72) and a negative solution A(7) of the quadratic
equation, on the x—plane we have

X(T) = Lo(T) —+ )\(T) *((7'2d10 — Tldzo) AN e3).

The preimage E’' = 77 1(E) of the ellipse is the bifurcation
curve, which separates the single and double preimage regions.

e On E we have a(7) =0, thus A\(7) = —c(7)/2b(T).
e Because of the symmetry, x(7) definesa 2:1 map E — E'.

e By "parametrizing” E via the pencil of lines through 0, we
obtain a parametric representation of E’ given as ratios of
degree 5 polynomials without common factors.

Theorem
E’ is a rational degree 5 curve, whose ideal points are the ones
of the lines ry, r1, r», and the two ones of E.
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e E’ on R? consists of three disjoint unbounded arcs, one for
each arc of E N Im(m), with mg,my, my & E’.

e E’ has no self-intersections and it is regularly parameterized.

e In P2, the rational quintic curve has singular points.

Extra



Geometry of
TDOA-
based
Source
Localization

Marco
Compagnoni

Extra

E-= 7 YE™), U; = 727 1(U;) are open subsets separate by E’.

T2 is 1-to—1 on E-.
U; has two connected components separeted by rj(i), rlgi), and ™

is 1-to—1 on each of them.

As T approaches to OP3, 72 1(7) converges to a point on rji U rki.

As T approaches to E, 77 1(T) converges to a point on E’ and to
another at oo.
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Special Configurations |
Assume that mg, my, my are contained in the straight line r. Let
r9 the smallest line segment containing all the three points, and
r¢ its complement in r.

7,.C ,r,C
ms 1My m,
\—/
0
r
0 ifxere
e rk(J(x)) =< 1 ifxer®

2 otherwise

e If x € Ai(7) N Ax(7), then A1(7) N Ax(7) is finite if, and
only if, x € R? \ re.

e Ai(7) and Ax(7) meet transversally at x if, and only if,
x € R2\ r.
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Cor’:\A:;;:oni Fi R° F RO
oyl
FJr
Fy P F5 Fy P 25
o Fy
R? Fy
Fr R? Fr
—dip <7 < do There are two redundant in-
—drg < 1 < dy equalities, therefore the polygon
—dh1 <m—7 < dxn P> has only four facets.
Extra In the following we assume that mg is between m; and my, that

corresponds to the first polytope.
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Special Configurations IlI
Linear problem: L(7) = MNy(7) NMa(7). Then:
o L(7)=10if, and only if, diom2 + dao71 = 0.
o L(7)=TN4(r) =MNy(7) if, and only if, 7 = (+d1o, Fd2).

e L(7) is a line parallel to the x—plane otherwise, with
+ (v(7) A (ID20(7)[1?D10(7) — ||D10(7)|?D20(7)))

DO(LO(T)) - 2d120(d107'2 + donl)

v(7) = *(d1g A e3)

Quadratic problem: ||v(7)||?> > 0, (Do(Lo(T)),v(7)) = 0, then
[v(7)[2A2 + [ Do(Lo(r))] = 0.

The line L(7) intersect only one half-cones C, C; :

(Do(Lo(T)),e3) > 0.
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Special Configurations IV
R RO Let E be the open segment with
endpoints R, R? and T the trian-
gle with side E and vertex RC.

Theorem
BN Im(m)=T\E

oo ifTedE
N i) =2 ifreT

R 1  otherwise

T € E: Ny(7),MN2(7) are parallel and A;(7), A2(7) have
parallel asymptotes.

T € 0E: L(7) =Nyi(7) =MNa(7) and A1(T) N Ax(7) = rC.
T € 0T\ E: L(7) is tangent to C; and Ay (1), Ax(T)
intersect at one point on r%, with double multiplicity.

T € T: L(7) intersects Co and Aq(T), Ax(T) intersect at
two points symmetric w.r.t. the line r.
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Restoring the Symmetry |
In the definition of the TDOA map we chose mg as reference
receiver, breaking the symmetry of the problem.
Dj(X,7) = Do(X,7) + Dgj(7)  Djj(7) = Dio(7) + Doj(7)
Theorem
(G (T)N G (7)) N G (7)) = (G (7) N Mji(7) N ki (7))
In particular the three lines Lo(T), L1(7), Lo(T) coincide.
Vo(T) = V1(T) = V2(7‘).
Do(Lo(7)) # D1(L1(7)) # D2(L2(7)).

The localization does not depend on the choice of the reference
receiver. What does it happen to the Im(72) in the T—space?
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Restoring the Symmetry |l

The complete
TDOA map

T2

. R2 — R3
X = (Tlo(X),TQO(X),7'21(X))

o H={r"¢€ R3 | Do1(7*) + D12(7*) + Doo(7*) = 0};
9l

o Pr={7"e€H||Dj(r

2> 0 for every i, j};

o E={r*" € H| |lvo(")]? = O};
o Ci={r" e 1 | (Di(Li(7"),vi(7")) = 0}.

Theorem

Let p;:R3—R? be the projection forgetting the i-th coordinate.
e H is a plane containing the admissible TDOA triples;

e P, is a polygon such that p3(P2) = Po;
o & is the ellipse tangent to all the sides of P, and p3(£) = E;
e C; is the cubic curve containing £ N 0P, R|, RY, R™, R, 0.

T, = p30m”

and ps: Im(m*) <— Im(7)
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The accuracy of the localization

e |det(J(x))| is the ratio between the areas of two corresponding
infinitesimal regions in the 7 and in the x planes. At first order,
the accuracy is best in the regions of maximum of | det(J(x))|.

e The dashed lines are the level sets of | det(J(x))|. The local error
analysis does not take count of the global aspects of localization.
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