
ATTRACTORS FOR THE HYPERBOLIC EQUATION

Vittorino Pata

The Model Equation

utt + αut − ∆u + φ(u) = g, α > 0

Conditions on φ and g. Let
g ∈ L2

and let φ ∈ C(IR) satisfying

|φ(r)| ≤ c(1 + |r|3), ∀ r ∈ IR (H1)

and

lim inf
|r|→∞

φ(r)

r
> −λ0 (H2)

where λ0 is the first eigenvalue of −∆ with Dirichlet boundary condition.

Remark. There holds
λ0||u||

2
≤ ||∇u||

2
, ∀ u ∈ H1

0 .

The phase space is
H = H1

0 × L2.

Linear Homogeneous Case

The equation is
utt + αut − ∆u = 0

For ε ∈ [0, ε0], with ε0 ≤ α to be determined later, consider the auxiliary variable
ξ = ∂tu + εu. Multiply times ξ to get

1

2

d

dt

(

||∇u||
2

+ ||ξ||
2
)

+ ε||∇u||
2

+ (α − ε)||ξ||
2

= ε(α − ε)〈u, ξ〉.

In the sequel set for simplicity α = 1.
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Absorbing Set

Lemma. Let X be a Banach space, and let Z ⊂ C([0,∞), X). Let E : X → IR be a

function such that

sup
t∈IR+

E(z(t)) ≥ −m, E(z(0)) ≤ M,

for some m, M ≥ 0 and every z ∈ Z. In addition, assume that for every z ∈ Z the

function t 7→ E(z(t)) be continuously differentiable, and satisfy the differential inequality

d

dt
E(z(t)) + δ||z(t)||

2
≤ k (1)

for some δ > 0 and k ≥ 0 independent of z ∈ Z. Then for every ε > 0 there is

t0 = m+M
ε > 0 such that

E(z(t)) ≤ sup
ζ∈X

{

E(ζ) : δ||ζ||
2
≤ k + ε

}

, ∀ t ≥ t0.

Proof. Up to adding the constant m to E, we may assume that E ≥ 0 (and we redefine
M accordingly). Notice first that, for a fixed t, the relation

d

dt
E(z(t)) ≥ −ε (2)

implies

E(z(t)) ≤ sup
ζ∈X

{

E(ζ) : δ||ζ||
2
≤ k + ε

}

. (3)

Indeed, if (2) holds, we get immediately from (1) that

δ||z(t)||
2
≤ k + ε.

Set then tε = M/ε. Chosen z ∈ Z, there is t0 ∈ [0, tε], depending on z, such that (2)
holds for t = t0. If not, we had

E(z(tε)) < −εtε + E(z(0)) ≤ −εtε + M = 0

against the positivity of E. Let us define

t∗ = sup
{

τ > t0 : (3) holds ∀ t ∈ [t0, τ ]
}

.

We show that t∗ = ∞, and, in particular, (3) holds for every t ≥ tε, independently of
z ∈ Z. Indeed, if t∗ < ∞, there is a sequence tn ↓ t∗ such that

E(z(tn)) − E(z(t∗)) > 0
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yielding
d

dt
E(z(t∗)) ≥ 0.

From the continuity of the derivative, there exists a right neighborhood J of t∗ such
that (2) holds for every t ∈ J . Hence (3) holds for every t ∈ J , in contradiction with
the maximality of t∗.

Theorem. There exist a positive constant K with the following property: given any

R ≥ 0 there is t0 = t0(R) ≥ 0 such that, whenever

||z0||H ≤ R

the inequality

||S(t)z0||H ≤ K

holds for every t ≥ t0.

Proof. Denote by c > 0 a generic constant. Let z0 = (u0, u1), and set

S(t)z0 = z(t) = (u(t), ∂tu(t)).

Notice that by (H2), there is ν > 0 and ρ > 0 such that

rφ(r) ≥ −λ0(1 − ν)r2, |r| ≥ ρ. (4)

1. Introduce

F (r) =

∫ r

0

φ(y) dy, r ∈ IR.

Since F (u) ∈ L1(Ω) for every u ∈ H1
0 , we set

F(u) =

∫

Ω

F (u(x)) dx, u ∈ H1
0 .

By (4)

2F(ζ1) ≥ −(1 − ν)||∇ζ1||
2
− c, ∀ ζ1 ∈ H1

0 .

2. Fix ε > 0 small (to be determined). Define the function E : H → IR as

E(ζ) = ||∇ζ1||
2

+ ||ζ2 + εζ1||
2

+ 2F(ζ1).

for ζ = (ζ1, ζ2) ∈ H. For ε small we get

E(ζ) ≥
ν

2
||ζ||

2
H − c, ∀ζ ∈ H. (5)

As a byproduct, E is bounded below. Moreover,

E(ζ) ≤ c||ζ||H
(

1 + ||ζ||
3
H

)

, ∀ ζ ∈ H. (6)
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In particular,

E(z(0)) = E(z0) ≤ c||z0||H
(

1 + ||z0||
3
H

)

≤ cR0

(

1 + R3
0

)

.

3. Consider the auxiliary variable ξ = ∂tu + εu. Multiplying times ξ, we get

1

2

d

dt
E(z) + ε||∇u||

2
+ (1 − ε)||ξ||

2

= −ε〈φ(u), u〉 + ε(1 − ε)〈u, ξ〉 + 〈g, ξ〉.

Estimates of RHS: By(4), for ε small,

−ε〈φ(u), u〉 ≤
ν

2
||∇u||

2
+ εc.

Hence we get
d

dt
E(z) + ε||z||

2
≤ c.

Apply the Lemma and use (5)-(6).

Remark. Build the Absorbing set B0.

Remark. For z0 ∈ B0,
||z(t)||H ≤ C

Universal Attractor

Conditions on φ.

φ(r) = kr3 + β(r), k ≥ 0

with
β′(r) ≤ c(1 + |r|γ), γ ∈ [1, 2).

Exercise. Show that if k > 0 φ fulfills (H1)-(H2)

Decomposition. Decompose the solution z = (u, ∂tu) to with initial data z0 =
(u0, u1) ∈ B0 as

z = zd + zc = (v, ∂tv) + (w, ∂tw)

where

∂ttv + ∂tv − ∆v + kv3 = 0

zd(0) = z0

and

∂ttw + ∂tw − ∆w + ku3 − kv3 + β(u) = g

zc(0) = 0.
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Lemma A. zd decays exponentially.

Remark. Using Lemma A and the previous results, we have that

||z(t)||H, ||zc(t)||H, ||zd||H ≤ C

Lemma B. For every t > 0 zc ∈ K(t), where K(t) ⊂ H is compact.

Proof. Let A = −∆. Fix t > 0 and let c = c(t) a generic constant. Multiply the
equation times Aswt (s to be fixed) to get

1

2

d

dt

(

||A(1+s)/2w||
2

+ ||As/2wt||
2
)

+ ||As/2wt||
2

= −k〈(u3 − v3), Aswt〉 + 〈β(u), Aswt〉 + 〈g, Aswt〉

Remark. We have, for s ∈ [0, 1/2)

D(As/2) →֒ Hs →֒ L6/(3−2s)

D(A(1+s)/2) →֒ H1+s →֒ L6/(1−2s)

D(A(1−s)/2) →֒ H1−s →֒ L6/(1+2s)

Integrate on (0, t):

∫ t

0

〈β(u), Aswt〉 = 〈β(u), Asw〉 −

∫ t

0

〈β′(u)ut, A
sw〉

≤ c||β(u)||||Asw|| + c

∫ t

0

||β′(u)||6/γ||ut||2||A
sw||6/3−γ

and fix s > 0 such that 6/(3 − γ) ≤ 6/(1 + 2s) (possible iff γ < 2).

∫ t

0

〈g, Aswt〉 = 〈g, Asw〉 ≤ c||g||||Asw||

−k

∫ t

0

〈(u3 − v3), Aswt〉 = −k〈(u3 − v3), Asw〉 + 3k

∫ t

0

〈(u2ut − v2vt), A
sw〉

∫ t

0

〈(u2ut − v2vt), A
sw〉 =

∫ t

0

〈(u + v)utw, Asw〉 −

∫ t

0

〈v2wt, A
sw〉

But
∫ t

0

〈(u + v)utw, Asw〉 ≤ c

∫ t

0

||u + v||6||ut||2||w||6/(1−2s)||A
sw||6/(1+2s)

and

−

∫ t

0

〈v2wt, A
sw〉 ≤ c

∫ t

0

||v2||3||wt||6/(3−2s)||A
sw||6/(1+2s)

Collect everything, to get

Φ(t) ≤ c + c

∫ t

0

Φ.


