ATTRACTORS FOR THE HYPERBOLIC EQUATION

Vittorino Pata

THE MODEL EQUATION

uge + aug — Au + ¢(u) = g, a>0

Conditions on ¢ and g. Let

g€ L?
and let ¢ € C(IR) satisfying
p(r)] <c(L+[r[?),  VreR (H1)
and
lim infM > —Xo (H2)

|r| =00 T
where )\g is the first eigenvalue of —A with Dirichlet boundary condition.
Remark. There holds
Molul® < |Vul?,  Yue H.

The phase space is
H = Hy x L.

LINEAR HOMOGENEOUS CASE

The equation is
wr +aur — Au =10

For ¢ € [0,e0], with 9 < «a to be determined later, consider the auxiliary variable
& = Oyu + eu. Multiply times £ to get

1d

Sdq <||VU||2 + ||§||2) +e|Vul> + (o — o) [¢]? = e(a — ) (u, ).

In the sequel set for simplicity a = 1.
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ABSORBING SET

Lemma. Let X be a Banach space, and let Z C C([0,00),X). Let E: X — IR be a
function such that

sup E(z(t)) > —m, E(z(0)) < M,

telRt
for some m, M > 0 and every z € Z. In addition, assume that for every z € Z the
function t — E(z(t)) be continuously differentiable, and satisfy the differential inequality

d
S E() + Sz <k (1)
for some § > 0 and k > 0 independent of z € Z. Then for every € > 0 there is
tg = @ > 0 such that

B(x(t) < sup { B OICI <k+e}, Vit
CeX

Proof. Up to adding the constant m to E, we may assume that £ > 0 (and we redefine
M accordingly). Notice first that, for a fixed ¢, the relation

S B(:(1)) > 8
implies
B(x(t)) < sup { E(Q) : 9CI* < k+ e} (3)
ex

Indeed, if (2) holds, we get immediately from (1) that
Sz@)]* <k +e.

Set then t. = M /e. Chosen z € Z, there is ty € [0,t.], depending on z, such that (2)
holds for t = ty. If not, we had

E(z2(te)) < —ete + E(2(0)) < —et. + M =0
against the positivity of E. Let us define
t* = sup {7’ >1to: (3) holds Vit e [tO,T]}.

We show that t* = oo, and, in particular, (3) holds for every ¢ > t., independently of
z € Z. Indeed, if t* < oo, there is a sequence t,, | t* such that

E(z(tn)) — E(2(t7)) > 0
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yielding
d

—E(z(t")) > 0.
CB(=(1%)) > 0

From the continuity of the derivative, there exists a right neighborhood J of ¢* such
that (2) holds for every ¢ € J. Hence (3) holds for every t € J, in contradiction with
the maximality of t*. [J

Theorem. There exist a positive constant K with the following property: given any
R > 0 there is tg = to(R) > 0 such that, whenever

[z0ll < R

the inequality
[S(#)z0ly < K

holds for every t > tg.

Proof. Denote by ¢ > 0 a generic constant. Let zg = (ug, u1), and set
S(t)zo = 2z(t) = (u(t), dwul(t)).
Notice that by (H2), there is ¥ > 0 and p > 0 such that

ro(r) = =Xo(L—v)r?,  |r|=p. (4)

1. Introduce

Fo = [owdn  rem

Since F'(u) € LY(Q) for every u € H}, we set
F(u) = / F(u(x)) dx, u € Hp.
Q

By (4)
2F(C1) > —(1—v)|VG|* —e, VG € Hp.

2. Fix £ > 0 small (to be determined). Define the function F : H — IR as
E(¢) = VGl + 162+ Gil” + 2F (G
for ( = ((1,(2) € H. For £ small we get
Va2
E(Q) = SICly —¢,  VCeH. (5)
As a byproduct, E is bounded below. Moreover,

EQC) < clCly X+ 1¢15,),  VY¢emn. (6)
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In particular,
E(2(0)) = E(z0) < clzolyy (1 + l20ll) < eRo(1+ R3).

3. Consider the auxiliary variable £ = J;u + eu. Multiplying times &, we get

%%E(z) +e|Vul® + (1 — o)[¢]?
= —e(p(u),u) + (1 —e){u, &) + (g, &).

Estimates of RHS: By(4), for € small,

—e(o(u),u) < 5 |Vul® +ec.

Hence we get

d
EE(Z) + »3||z||2 <e.

Apply the Lemma and use (5)-(6). [

Remark. Build the Absorbing set By.

Remark. For zy € By,
[z(®)ly < C

UNIVERSAL ATTRACTOR

Conditions on ¢.
¢(r) =k’ +5(r), k=0
with
B'(r) <c(1+|r]), v € [1,2).
Exercise. Show that if k > 0 ¢ fulfills (H1)-(H2)

Decomposition. Decompose the solution z = (u,0;u) to with initial data zp =
(ug,u1) € By as
z2=2zq+ zc = (v,000) + (w, Opw)

where

Oy + O — Av + kv =0

z4(0) = zp
and

Opw + Oyw — Aw + ku® — kv + Blu) =g
2.(0) = 0.
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Lemma A. z; decays exponentially.

Remark. Using Lemma A and the previous results, we have that
[2() ]3> 12e@)345 [2al3 < C

Lemma B. For every t > 0 z. € K(t), where KC(t) C 'H is compact.

Proof. Let A = —A. Fixt > 0 and let ¢ = ¢(t) a generic constant. Multiply the
equation times A®w; (s to be fixed) to get

1d
2dt
= —k((u® —v3), A%w,) + (B(u), A%w,) + (g, A%w;)
Remark. We have, for s € [0,1/2)
D(AY/?) < H* — [8/(3-29)
D(AG+)/2) <, gits o, [6/(1=29)
D(A=9)/2) <, gl=s o, [6/(1+29)

(IACE 200 4 A 20 ) + A% 2

Integrate on (0,1):

/meﬂvm»:wwmA%»—/Xﬂwmnfw>
0 0

t
< c|Bu)|[A%w] + C/O 18 ()6 luela | A*wllg 5,
and fix s > 0 such that 6/(3 —v) < 6/(1 + 2s) (possible iff v < 2).

t
/X%A%wzng%»sdmmvw
0

— t u? — ), A%w,) = —k{(u® — 03), ASw t wuy, — vy, ASw
kA<< ), APy = —k{(u® — %), A >+3@A<< ), A*w)

t t t
/ ((uzut - vzvt),A5w> = / ((u+ v)ugw, A%w) —/ (vzwt,Asw)
0 0 0
But

t t
(A«u+@wwA%»§aAnu+ﬂﬂwhw%ﬂk%mfmwuﬁﬁ
and
t t
—A<fm¢wwScAnﬁwmmm%%mfwwuwﬂ

Collect everything, to get

t
q)(t)Schc/ D.
0



