Normal completely positive maps on the space of

quantum operations

Alessandro Toigo
Politecnico di Milano, INFN sezione di Milano

Turku, 4 July 2012

Alessandro Toigo (PoliMi, INFN) CP maps on quantum operations  1/40 Turku, 4 July 2012



In collaboration with:

Giulio Chiribella

Perimeter Institute for Theoretical Physics (Canada)

Veronica Umanita
Universita di Genova (Italy)

Alessandro Toigo (PoliMi, INFN) CP maps on quantum operations  2/40 Turku, 4 July 2012



Index

@ Quantum operations
@ Definition
@ Dilation of quantum operations

9 Quantum supermaps
@ Definition
@ Dilation of quantum supermaps
@ Examples

© Superinstruments
@ Definition
@ Dilation of superinstruments
@ Examples

° Conclusions

Alessandro Toigo (PoliMi, INFN) CP maps on quantum operations  3/40 Turku, 4 July 2012 3/40



Index

@ Quantum operations
@ Definition
@ Dilation of quantum operations

Alessandro Toigo (PoliMi, INFN) CP maps on quantum operations  4/40 Turku, 4 July 2012 4/40



Mathematical setting

@ M C L(H), N C L(K) ...: complex and separable von Neumann
algebras

@ M, N4, ...:cones of their positive elements

@ M, := L(C"): von Neumann algebra of complex n x n-matrices
@ M®&N : algebraic tensor product of M and

@ M®&N : von Neumann algebra tensor product of M and N/
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Mathematical setting

@ M C L(H), N C L(K) ...: complex and separable von Neumann
algebras

@ M, N4, ...:cones of their positive elements

@ M, := L(C"): von Neumann algebra of complex n x n-matrices
@ M®&N : algebraic tensor product of M and

@ M®&N : von Neumann algebra tensor product of M and N/

Recall that N
MEN C L(H®K)

and _ N
MEN = weak*-closure of M&N
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Mathematical setting

o LIH)BL(K) = L(HK)
@ IfdimA\ < oo, then MAN = MIN
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Mathematical setting

o LIH)BL(K) = L(HK)
@ IfdimA\ < oo, then MAN = MIN

@ IfdimN; <ocand & : My — Moy, F : Ny — N> are linear maps,
then £ ® F : M1@N7 — M>@N> is well-defined
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Mathematical setting

o L(H)BL(K) = L(H®K)
@ Ifdim AN < oo, then MAN = MEIN

@ IfdimN; <ocand & : My — My, F : N1 — N> are linear maps,
then £ ® F : M1@N7 — M>RN> is well-defined

It then makes sense to speak about
positivity and boundedness of £ ® F J
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Mathematical setting

o LIH)BL(K) = L(HK)
@ IfdimA\ < oo, then MAN = MIN

@ IfdimN; <ocand & : My — Moy, F : Ny — N> are linear maps,
then £ ® F : M1@N7 — M>@N> is well-defined

Definition
Alinear map £ : M — N is completely positive if the map
£®Zn . M@Mn —>N®Mn

is positive for all n € N.
Here, Z, : M, — M, is the identity map
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Definition of quantum operations and channels

Definition
Alinear map £ : M — N is a quantum operation if it is
(i) completely positive
(i) normal:
E(An) 1 E(A) for all sequences {Ap}pen iN M s. t. AT A

(iii) subnormalized: E0n) < Iy
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Definition of quantum operations and channels

Definition
Alinear map £ : M — N is a quantum operation if it is

(i) completely positive

(i) normal:

E(An) 1 E(A) for all sequences {An}peny iNn My s 1. A TA
(iii) subnormalized: E0n) < Iy
£ is a quantum channel if condition (iii) is replaced by
(iii’) normalized:
E(lm) = Iv
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Definition of quantum operations and channels

Definition

A linear map £ : M — N is a quantum operation if it is
1) _completelv positive
Notations

@ CP(M,N) : normal completely positive maps in Hom¢ (M, N)
@ CPy (M, N) : subset of quantum operations
@ CPq (M, N) : subset of quantum channels

Clearly,

CP4 (M,N) C CPy (M,N) C CP(M,N)

(iii’) normalized:

A\

E(lm) = Iy
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Stinespring Theorem

Theorem

Suppose M C L(H), N € L(K). Alinearmap & : M — N is a
quantum operation iff there exist a Hilbert space V and a bounded
operator V : K — H ® V, with | V||, <1, such that

E(A) =V (A L)V VA € M.
In this case, £ is a quantum channel iff V*V = I
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e Quantum supermaps
@ Definition
@ Dilation of quantum supermaps
@ Examples
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Statement of the problem

Characterize the transformations
S: CPq (M,N) — CPg (M,N)

or, more generally,
S : CPy (M1, Nq) — CPq (M2, N2)
which are admissible in Quantum Mechanics (quantum supermaps)
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Statement of the problem

Characterize the transformations
S: CPq (M,N) — CPg (M,N)

or, more generally,
S : CPy (M1, Nq) — CPq (M2, N2)
which are admissible in Quantum Mechanics (quantum supermaps)

Applications

@ Quantum information
@ Quantum measurement theory
@ Quantum process tomography
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Properties of supermaps: Linearity

A quantum supermap must preserve mixtures and S(0) =0

U
Sis convex and S(0) =0

4

S uniquely extends to a linear map defined on span CPq (M, N)
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Properties of supermaps: Linearity

A quantum supermap must preserve mixtures and S(0) =0

U
Sis convex and S(0) =0

4

S uniquely extends to a linear map defined on span CPq (M, N)

But what is the linear space spanned by CPy (M, N)? J
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Properties of supermaps: Linearity

Suppose M =N = L(H).
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Properties of supermaps: Linearity

Suppose M =N = L(H).

o IfH=C"
span CPq (M, N') = span CPqy (Mp, M)
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Properties of supermaps: Linearity

Suppose M =N = L(H).

o IfH=C"
span CPq (M, N') = span CPqy (Mp, M)

By Choi isomorphism,

CP (Mn, Mn) ~ Mn2+

S——
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Properties of supermaps: Linearity

Suppose M =N = L(H).

o IfH=C"
span CPq (M, N') = span CPqy (Mp, M)

= n2

— Hom(C(Mn’ Mn)
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Properties of supermaps: Linearity

S
<L M=N = L(H).
o lfH=C"
span CPq (M, N') = span CPqy (Mp, M)
=S Hom(C(Mn’ Mn)
2 el = e span CPy (M, N) = 777
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Completely bounded maps: Definition

Definition

A linear map £ : M — N is completely bounded if 3 C > 0 such that
1€ © Zn)(A)llo < CllAll

forall Ae M&M,and ne N

Alessandro Toigo (PoliMi, INFN) CP maps on quantum operations 13/40 Turku, 4 July 2012 13/40



Completely bounded maps: Definition

Definition

A linear map £ : M — N is completely bounded if 3 C > 0 such that
(€ © Zn)(A)llo < CllAll

forall Ae M&M,and ne N

CB (M, N) : completely bounded weak*-continuous maps from M to N \
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Completely bounded maps: Definition

Definition
A linear map £ : M — N is completely bounded if 3 C > 0 such that

(€ @Zn)(A)llo < ClIAl
forall Aec M&®M, and n € N

Suppose M C L(H), N = L(K). If E,F € L(K;H), the map

E-omF: M — L(K)
A s E*AF

is in CB (M, £(K))
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Completely bounded maps: Properties

@ Ordering: CP (M, N) is a cone in CB (M, N), hence it induces a
linear ordering in CB (M, \'), which we denote by <
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Completely bounded maps: Properties

@ Ordering: CP (M, N) is a cone in CB (M, N), hence it induces a
linear ordering in CB (M, \'), which we denote by <

@ Tensoring: If £ € CB (M4, N7), F € CB (M2, N2), the product
EQF : M1&N) — MoRN,
uniquely extends to a map
E®F € CB(M1@Mz, N1RN?)
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Completely bounded maps: Properties

@ Ordering: CP (M, N) is a cone in CB (M, N), hence it induces a
linear ordering in CB (M, \'), which we denote by <

@ Tensoring: If £ € CB (M4, N7), F € CB (M2, N2), the product
EQF : M1&N) — MoRN,
uniquely extends to a map
E®F € CB(M1@Maz, N1RQN?)
© Spanning: If V' = £(K), every £ € CB (M, L(K)) can be written
E=E —E+i(E3— &)
forsome &1, ..., &4 € CP (M, L(K)). In particular,
span CPg (M, L(K)) = CB (M, L(K))
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Completely bounded maps: Properties

@ Ordering: CP (M, N) is a cone in CB (M, ), hence it induces a
linear ordering in CB (M, \'), which we denote by <

@ Tensoring: If £ € CB (M1, Ny), F € CB (M3, N2), the product
ERQF : Mi&N|T — MoRN>
uniquely extends to a map
E®F € CB(M1@Maz, N1RQN?)
© Spanning: If N = L(K), every £ € CB (M, L(K)) can be written

If M C Mpand N’ C My, then
CB (M, N) = Homg (M, N).
Properties (1) and (2) are trivial, and (3) follows from Choi isomorphism
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Properties of supermaps: Complete positivity

@ For composite systems,
CB (M&Mm, N@M,) = CB (M, N) &Homc(Mpm, M,)
= CB (M,N) ®an
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Properties of supermaps: Complete positivity

@ For composite systems,
CB (M&Mm, N@M,) = CB (M, N) &Homc(Mpm, M,)
= CB (M,N) ®an

o If

S:CB(Mji,N7) = CB(Mz,Na)
T . Hom(C(Mm1 5 Mn1) — Hom(C(Mmz, an)

are linear maps, then
S ® T . CB (M‘] ®Aﬂn’]1 ,M ®Mn1) — CB (M2®Mm2,N2®Mn2)
is well-defined
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Properties of supermaps: Complete positivity

A quantum supermap must preserve quantum operations on
composite systems
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Properties of supermaps: Complete positivity

A quantum supermap must preserve quantum operations on
composite systems

Definition

Alinear map S : CB (Mj,N7) — CB (M2, N>) is completely positive if
(S ® 1,)(CP (M1&Mp, N1&M,)) C CP (Ma@Mp, No@Mp) VneN
Here, |, : Homc(Mp, M) — Home (Mp, M) is the identity map
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Properties of supermaps: Complete positivity

A quantum supermap must preserve quantum operations on
composite systems

Definition

Alinear map S : CB (Mj,N7) — CB (M2, N>) is completely positive if
(S ® 1,)(CP (M1&Mp, N1&M,)) C CP (Ma@Mp, No@Mp) VneN
Here, |, : Homc(Mp, M) — Home (Mp, M) is the identity map

In other words, S is completely positive if S ® |, preserves the linear
ordering < forallne N
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Properties of supermaps: Normality

A quantum supermap S : CB (M1, N7) — CB (Mo, N2) must be
continuous in a suitable sense
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Properties of supermaps: Normality

A quantum supermap S : CB (M1, N7) — CB (Mo, N2) must be
continuous in a suitable sense

... But, if dim M; = oo or dim \V; = oo, many ‘natural’ topologies are
available on the space CB (M, N) (e. g. pointwise uniform, strong,
weak™* or weak convergence...)
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Properties of supermaps: Normality

A quantum supermap S : CB (M1, N7) — CB (Mo, N2) must be
continuous in a suitable sense

... But, if dim M; = oo or dim \V; = oo, many ‘natural’ topologies are
available on the space CB (M, N) (e. g. pointwise uniform, strong,
weak* or weak convergence...)

...So we avoid reference to a particular topology, and require
normality with respect to a single suitable notion of increasing
sequences in CB (M, )
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Increasing sequences in CB (M, N)

Definition
A sequence {&n}nen in CB (M, N) is
- CP-increasingif 0 < En < Enform < n
- CP-boundedif 3F € CP(M,N) such that £, < F forall n
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Increasing sequences in CB (M, N)

Definition
A sequence {&n}nen in CB (M, N) is
- CP-increasingif 0 < En < Enform < n
- CP-boundedif 3F € CP(M,N) such that £, < F forall n

Proposition

If the sequence {&p}nen in CB (M, N) is CP-increasing and
CP-bounded, then 3! £ € CP (M, N) such that

wWiklim Eq(A) = £(A) VA€ M
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Increasing sequences in CB (M, N)

If {€n}nen is @ CP-increasing and CP-bounded sequence, and
& € CP (M, N) is such that wk*-lim,_,o En(A) = E(A) VA € M, we

write Y
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Increasing sequences in CB (M, N)

Notation

If {€n}nen is @ CP-increasing and CP-bounded sequence, and
& € CP (M, N) is such that wk*-lim,_,o En(A) = E(A) VA € M, we

write Y

Example (Kraus Theorem)

Suppose M C L(H), N = L(K). Forall £ € CP (M, L(K)) T a
sequence {Ex}ken in L (K, H) such that

n
Y EiomEctE
k=0
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Properties of supermaps: Normality

Definition
A linear map

S:CB(Mj1,N7) = CB(Ma, N2)
is normal if for all sequences {&,}ncn We have

En € implies S(&n) 1+ S(€)
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Properties of supermaps: Normality

Definition
A linear map

S:CB(Mj1,N7) = CB(Ma, N2)
is normal if for all sequences {&,}ncn We have

En € implies S(&n) 1+ S(€)

A normal map

S : CB (M, L(K1)) — CB (Mz, L (K2))
is completely defined by its action on elementary tensors E* ©, F
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Definition of quantum supermaps

Definition

Ali
inear map S : CB (My,N7) = CB (M, Np)

is a quantum supermap if
(i) Sis completely positive
(i) Sis normal.
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Definition of quantum supermaps

Definition

Ali
inear map S : CB (My,N7) = CB (M, Np)

is a quantum supermap if
(i) Sis completely positive
(i) Sis normal.

Definition
A quantum supermap S is deterministic if
S(CPy (M4, Ny)) C CPy (M2, N2)

| A\
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Definition of quantum supermaps

The set of quantum supermaps is ordered: given two quantum
supermaps S, T acting in the same CB spaces, we will write

S« T iff T-—Sisaquantum supermap

Alessandro Toigo (PoliMi, INFN) CP maps on quantum operations 22/40 Turku, 4 July 2012 22/40



Definition of quantum supermaps

The set of quantum supermaps is ordered: given two quantum
supermaps S, T acting in the same CB spaces, we will write

S« T iff T-—Sisaquantum supermap

Definition

A quantum supermap S is probabilistic if there exists a deterministic
quantum supermap T such that

ST
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Example: Amplification

If V is a Hilbert space, then

My: CB(M,N) — CB(WM®LV),NRL(V))
E — g®Iv

is a deterministic quantum supermap
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Example: Amplification

If V is a Hilbert space, then

My: CB(M,N) — CB(WM®LV),NRL(V))
g — ERLy

is a deterministic quantum supermap

Example: Concatenation

If A € CPy(N1,N2), B € CPy( My, My), then

CuB: CB (M4,N7) — CB (Mo, No)
E — AEB

is a probabilistic quantum supermap
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Dilation of deterministic supermaps

Theorem (Dilation theorem)
A linear map

S:CB(Mj,L (K1) = CB(My, L(K2))
is a deterministic supermap iff there exist a triple (V, V, F), where
@ V is a Hilbert space
@ V:Ky— Ky®YV is anisometry
@ F: My — M{®L(V) is a quantum channel

sueh that [S(E)](A) = V* [(€ & Ty) F(A) V
forall € € CB(M;j,L(K4)) and A € My
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Dilation of deterministic supermaps

@ The triple (V, V, F) can always be chosen in a way that
V=span {(U" @ W)W |ueKi,veKy}
(minimal dilation)
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Dilation of deterministic supermaps

@ The triple (V, V, F) can always be chosen in a way that
V=span {(U" @ W)W |ueKi,veKy}
(minimal dilation)

@ In this case, if (V', V', F') is another dilation, then 3! isometry
W :V — V' such that

V' = (e, ® W)V

and
F(A) = (Ipm, @ W*)JU’(A)(IM1 ® W) VAe Mo
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Dilation of deterministic supermaps

Q Setting A=V Orpc,ov) V

we have that S is the composition
S=Carolly
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Dilation of deterministic supermaps

Q Setting A=V Orpc,ov) V

we have that S is the composition
S=Cyrolly
© In the Schrdédinger (predual) picture
[S(E)+(p) = F [(€ @ Iy)«(Vp V)]
forall € € CB(My,L(Kq))and p € L(K2), =T (K2)
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Dilation of deterministic supermaps

@ Taking M = M5, = C, one gets Stinespring Theorem for normal
CP maps
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Dilation of deterministic supermaps

@ Taking M = M5, = C, one gets Stinespring Theorem for normal
CP maps

© Taking K4 = K = C, one gets Stinespring Theorem for normal
CP maps in the Schrédinger picture
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Dilation of probabilistic supermaps

Theorem (Radon-Nikodym theorem for supermaps)
Suppose S, T : CB (M, L (K1)) — CB (My, L (K2)) are quantum
supermaps, with T<s

Suppose S is deterministic, and let (V, V, F) be its minimal dilation.
Then 3! G € CPy (Mo, M1RL(V)), with
g X F,

such that T(E)] (A) = V*I(€ ® T)G(A]V
forall € € CB (M1, L(K4)) and A e Ms
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An example: Transforming POVMs into channels

@ X : space of outcomes (discrete)
@ My = ¢>°(X) : complex bounded functions (sequences) on X
@ CPy (M4, L(Ky)): L(Kq)-valued POVMs on X
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An example: Transforming POVMs into channels

@ X : space of outcomes (discrete)
@ My = ¢*°(X) : complex bounded functions (sequences) on X
@ CPy (M1, L(K4)): L(Kq)-valued POVMs on X

If £ € CPy (£°°(X), L(K)), then the map

P: X — L(K)
x — &(x)

E(f) =) fPy

xeX

is a POVM, and
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An example: Transforming POVMs into channels

@ X : space of outcomes (discrete)
@ My = ¢>°(X) : complex bounded functions (sequences) on X
@ CPy (M4, L(Ky)): L(Kq)-valued POVMs on X

Let (V, V, F) be a dilation of a deterministic supermap
S CB(1*(X), L(K4)) — CB(L(Hz), L (K2))
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An example: Transforming POVMs into channels

@ X : space of outcomes (discrete)
@ My = ¢>°(X) : complex bounded functions (sequences) on X
@ CPy (M4, L(Ky)): L(Kq)-valued POVMs on X
Let (V, V, F) be a dilation of a deterministic supermap
S: CB(£7(X), L(K1)) — CB(L(Hz), L (K2))
Note that we have
F € CPy (L (Hz), L>(X)RL(V))

hence Fu: 0OGT (V) — T (He)
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An example: Transforming POVMs into channels

@ X : space of outcomes (discrete)
@ My = ¢>°(X) : complex bounded functions (sequences) on X
@ CPy (M4, L(Ky)): L(Kq)-valued POVMs on X
Let (V, V, F) be a dilation of a deterministic supermap
S: CB(£7(X), L(K1)) — CB(L(Hz), L (K2))

Note that we have
F € CPy (L (Ha),0>°(X; L(V)))

hence Fu 00GT (V) — T (He)
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An example: Transforming POVMs into channels

@ X : space of outcomes (discrete)
@ My = ¢>°(X) : complex bounded functions (sequences) on X
@ CPy (M4, L(Ky)): L(Kq)-valued POVMs on X
Let (V, V, F) be a dilation of a deterministic supermap
S: CB(£7(X), L(K1)) — CB(L(Hz), L (K2))
For x € X, set

Fxx: T(V) — 7-(7'[2)
o —  Fi(dx o)
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An example: Transforming POVMs into channels

@ X : space of outcomes (discrete)
@ My = ¢>°(X) : complex bounded functions (sequences) on X
@ CPy (M4, L(Ky)): L(Kq)-valued POVMs on X
Let (V, V, F) be a dilation of a deterministic supermap
S: CB(£7(X), L(K1)) — CB(L(Hz), L (K2))
For x € X, set

.FX*: T(V) — 7-(7'[2)
o —  Fi(dx o)

[S(E)(p) = Y Fxul(€ @ Tv)u(VpV*)i]

xeX

Then
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An example: Transforming POVMs into channels

@ X : space of outcomes (discrete)
@ My = ¢>°(X) : complex bounded functions (sequences) on X
@ CPy (M4, L(Ky)): L(Kq)-valued POVMs on X
Let (V, V, F) be a dilation of a deterministic supermap
S: CB(£7(X), L(K1)) — CB(L(Hz), L (K2))
For x € X, set

.FX*: T(V) — 7-(7'[2)
o —  Fi(dx o)

[S(E)(p) = Y Fxul(E @ Tv)u(Vp V)]

xeX

Then

Transform the input system K, into
the composite system 4 @ V J
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An example: Transforming POVMs into channels

@ X : space of outcomes (discrete)
@ My = ¢>°(X) : complex bounded functions (sequences) on X
@ CPy (M4, L(Ky)): L(Kq)-valued POVMs on X

Let (V, V, F) be a dilation of a deterministic supermap
S CB(1*(X), L(K4)) — CB(L(Hz), L (K2))
For x € X, set Feu: TOV) — T (Ha)
o —  Fi(dx o)

[S(E)](p) = D Fuxl(€ @ T)u(VpV*)i]
xeX

Measure the POVM £ on K4, thus
obtaining the outcome x € X

Then
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An example: Transforming POVMs into channels

@ X : space of outcomes (discrete)
@ My = ¢>°(X) : complex bounded functions (sequences) on X
@ CPy (M4, L(Ky)): L(Kq)-valued POVMs on X
Let (V, V, F) be a dilation of a deterministic supermap
S: CB(£7(X), L(K1)) — CB(L(Hz), L (K2))
For x € X, set

Fxx: T(V) — 7-(7'[2)
o —  Fi(dx o)

[S(E)(p) = > Fxl(€ @ Tv)u(VpV*)i]

xeX

Then

Conditionally on the outcome x, apply the channel Fx .
on the ancilla V, thus converting it into the output #» J

Alessandro Toigo (PoliMi, INFN) CP maps on quantum operations 29/40 Turku, 4 July 2012 29/40



Index

© Superinstruments
@ Definition
@ Dilation of superinstruments
@ Examples
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A quantum superinstrument R describes a measurement process of
quantum channels
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A quantum superinstrument R describes a measurement process of
quantum channels

£ : quantum channel
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A quantum superinstrument R describes a measurement process of
quantum channels

£ : quantum channel

|

R(€)
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A quantum superinstrument R describes a measurement process of
quantum channels

£ : quantum channel

|

R(£) «+— probe state
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A quantum superinstrument R describes a measurement process of
quantum channels

£ : quantum channel

|

R(£) «+— probe state

probability
distribution
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A quantum superinstrument R describes a measurement process of
quantum channels

£ : quantum channel

|

R(£) «+— probe state

probability a posteriori
distribution states
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@ CPy (M4, L(K4)) : channels to be measured

@ L(K), =T (K») : initial probe states

@ Mo, : final probe states

@ (Q,.A) : measurable set of outcomes

@ M (Q; CPy (M2, L(K>))) : quantum instruments on the probes
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@ CP¢ (M4, L(K4)) : channels to be measured
@ L(K), =T (K») : initial probe states

Recall that (in the Heisenberg picture) a classical quantum instrument

is just a ma
sl k T+ A - CPy (M, £(K))
which is

@ weak*-additive:

n
Ja(A) = wlgi—olimz; T (A) YVAeM ifBiNB=0Vi#j
=

@ normalized:

TJallm) = Ik
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@ CPy (M4, L(K4)) : channels to be measured

@ L(K), =T (K») : initial probe states

@ Mo, : final probe states

@ (Q,.A) : measurable set of outcomes

@ M (Q; CPy (M2, L(K>))) : quantum instruments on the probes

A quantum superinstrument is a map
R: CPy (M4, L(K1)) — M (;CPo (M2, L(K2)))
To each channel £ € CP{ (M1, L(K4)) it associates the instrument
A3 B+ Rp(€) € CPy (Mo, L (K2))
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Definition of superinstruments
Let (2,.4) be a measurable space. Suppose R is a map

R: A — Homc¢(CB(M;j,Nq);CB(Mz,N2))
B — RB

We say that R is a quantum superinstrument if
(i) Rpis a quantum supermap for all B € A
(ii) Rq is deterministic

(i) if B =J724 By with B;n B; = ) for i # j, then

[Re(£)1(A) = wk*-lim ) "[Rg,(£)](A)
i=1

forall £ € CB (M4,N7)and A e My

Alessandro Toigo (PoliMi, INFN) CP maps on quantum operations 33/40 Turku, 4 July 2012



Dilation of superinstruments

Theorem (Dilation of quantum superinstruments)
Suppose that

R : A — Homg(CB (My, £ (K1)); CB (Ma, £ (K2)))

is a quantum superinstrument. Then there exist a Hilbert space V, an
isometry V : Ko — Ky ® V and a quantum instrument

J € M(§; CPo (M2, M1&L(V)))
such that
[Ra(E)](A) = V[(€ @ Iy)Ts(A)]V VA E M;
forall Be A and & € CB (M1, L(K4))
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Dilation of superinstruments

Theorem (Dilation of quantum superinstruments)
Suppose that

R : A — Homg(CB (My, £ (K1)); CB (Ma, £ (K2)))

is a quantum superinstrument. Then there exist a Hilbert space V, an
isometry V : Ko — Ky ® V and a quantum instrument

J € M (Q; CPy (M2, M1RL(V)))
such that (in the Schrédinger picture)
[Ra(€)](p) = TB[(E @ TY)(VpV¥)] Vp €T (Kp)
forall Be A and & € CB (M1, L(K4))
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An example: Quantum testers

@ CPq (¢°(X), L(K)) : input space of L(K)-valued POVMs on X
@ C : trivial output space

Fix a quantum superinstrument
R : A — Homc(CB (¢*°(X), L(K)); C)
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An example: Quantum testers

@ CPq (¢°(X), L(K)) : input space of L(K)-valued POVMs on X
@ C : trivial output space

Fix a quantum superinstrument
R : A — Homc(CB (¢*°(X), L(K)); C)
By dilation theorem
Re(€) = (v, (E®@Iy)(TB)v) VE € CB(™(X),L(K)),Be A
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An example: Quantum testers

@ CPq (¢°(X), L(K)) : input space of L(K)-valued POVMs on X
@ C : trivial output space

Fix a quantum superinstrument
R : A — Homc(CB (¢*°(X), L(K)); C)
By dilation theorem
Re(€) = (v,(E®Iy)(TB)v) VE € CB(™(X),L(K)),Be A

Ancillary Hilbert space V )
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An example: Quantum testers

@ CPq (¢°(X), L(K)) : input space of L(K)-valued POVMs on X
@ C : trivial output space

Fix a quantum superinstrument
R : A — Homc(CB (¢*°(X), L(K)); C)
By dilation theorem
Re(&) = (v,(E®Iy)(TB)v) VE € CB(™(X),L(K)),Be A

Unitvectorve K@V |
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An example: Quantum testers

@ CPq (¢°(X), L(K)) : input space of L(K)-valued POVMs on X
@ C : trivial output space

Fix a quantum superinstrument
R : A — Homc(CB (¢*°(X), L(K)); C)
By dilation theorem
Re(€) = (v, (E®Iy)(TB)v) VE € CB(™(X),L(K)),BeA

Quantum instrument
J : A— CP(C,X(X)RL(V)) = £2°(X; L(V))+ J
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An example: Quantum testers

@ CPq (¢°(X), L(K)) : input space of L(K)-valued POVMs on X
@ C : trivial output space

Fix a quantum superinstrument
R : A — Homg(CB (¢(X), £(K)); C)
By dilation theorem (in the Schrddinger picture)
Re(€) = [TB+«(€ @ Iv)s](wy) VE € CB(£>*(X),L(K)),Be A

wy : ortogonal projection on Cv (rank-1 element in 7 (K ® V))
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An example: Quantum testers

@ CPy (£>°(X), L(K)) : input space of L(K)-valued POVMs on X

@ C : trivial output space
Fix a quantum superinstrument

R : A — Homg(CB (¢(X), £(K)); C)
By dilation theorem (in the Schrddinger picture)
Re(€) = [TB«(E @ Iy)«](wy) VE € CB(L(X),L(K)),Be A
For x € X, define the £(V)-valued POVM on Q
Qc: A= L(V) Qs =(T8)x
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An example: Quantum testers

@ CPy (£>°(X), L(K)) : input space of L(K)-valued POVMs on X

@ C : trivial output space
Fix a quantum superinstrument

R : A — Homg(CB (¢(X), £(K)); C)
By dilation theorem (in the Schrddinger picture)
Re(€) = [TB«(E @ Iy)«](wy) VE € CB(L(X),L(K)),Be A
For x € X, define the £(V)-valued POVM on Q
Qc: A= L(V) Qs =(T8)x

Re(&) = > tr [Q, B(E ® Tv).(wv)y]

xeX

Then

Alessandro Toigo (PoliMi, INFN) CP maps on quantum operations 35/40 Turku, 4 July 2012



An example: Quantum testers

@ CPy (£>°(X), L(K)) : input space of L(K)-valued POVMs on X

@ C : trivial output space
Fix a quantum superinstrument

R : A — Homg(CB (¢(X), £(K)); C)
By dilation theorem (in the Schrddinger picture)
Re(€) = [TB«(E @ Iy)«](wy) VE € CB(L(X),L(K)),Be A
For x € X, define the £(V)-valued POVM on Q
Qc: A= L(V) Qs =(T8)x

Re(€) = D tr[Qy 8(E @ T).(w)s]

xeX

Then

Prepare a pure bipartite state w, in K @ V |
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An example: Quantum testers

@ CPy (£>°(X), L(K)) : input space of L(K)-valued POVMs on X

@ C : trivial output space
Fix a quantum superinstrument

R : A — Homg(CB (¢(X), £(K)); C)
By dilation theorem (in the Schrddinger picture)
Re(€) = [TB«(E @ Iy)«](wy) VE € CB(L(X),L(K)),Be A
For x € X, define the £(V)-valued POVM on Q
Q: A— L(V) Qv = (JIB)x

Re(&) = > tr [Q,8(E © Tv).(wv)y]

xeX

Then

Measure the POVM £ on K, thus obtaining the outcome x € X |
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An example: Quantum testers

@ CPy (£>°(X), L(K)) : input space of L(K)-valued POVMs on X

@ C : trivial output space
Fix a quantum superinstrument

R : A — Homg(CB (¢(X), £(K)); C)
By dilation theorem (in the Schrddinger picture)
Re(€) = [TB«(E @ Iy)«](wy) VE € CB(L(X),L(K)),Be A
For x € X, define the £(V)-valued POVM on Q
Q: A— L(V) Qv = (JIB)x

Re(€) = D tr[Qu 8(€ @ T).(wy)y]

xeX

Then

Conditionally on x, measure Qx on V, and obtain an outcome in B |
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Index

° Conclusions
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@ We have given a general definition of supermaps

© We have provided a dilation theorem for deterministic and
probabilistic supermaps

© We have characterized quantum superinstruments on the space
of quantum channels

© We have shown some applications
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Open problems

@ How can the dilation theorems be extended to generic supermaps
(not deterministic nor probabilistic)?

@ Is there a topology on CB (M, A) such that normality of
supermaps is equivalent to continuity?
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