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Weyl systems and conjugate observables

@ Gis alocally compact second countable Abelian group
e Gisthe dual of G

@ 1. and f are the Haar measures of G and G

@ (&, x)is the pairing of € € Gandx e G
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Weyl systems and conjugate observables

@ Gis alocally compact second countable Abelian group
e Gisthe dual of G

@ 1. and f are the Haar measures of G and G

@ (&, x)is the pairing of € € Gandx e G

Definition (Weyl system)
Two unitary representations U of G and V of A(A.% in the same Hilbert
space H form a Weyl system for the pair (G, G) if

Q forallxe G, ¢eG

@ there exists no nontrivial subspace #y C H such that

UHoCHo and ViHoCHo VYxeG cei.
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Definition (Conjugate observables)

Two observables A : B(G) — £(H) and B : B(G) — L£(H) are
conjugated if

UAAX)U; = AX +x)  VAX)VE = AX)
UsB(Z)U; =B(Z)  VB(E)V; =B(=+¢)
forallx € G, € € G, X € B(G), = € B(G).
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By Stone-Naimark-Ambrose-Godement Theorem,
Uo= [TEXTaBO Vo= [ (£.x) dh(o).

where A and B are conjugated spectral measures.
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By Stone-Naimark-Ambrose-Godement Theorem,
Uo= [TEXTaBO Vo= [ (£.x) dh(o).

where A and B are conjugated spectral measures.
Every Weyl system is unitarily equivalent to the canonical one
H = L2(G, p)
Ud=f(-—x)  Vef=(&, ) f
AX)f=1xf B(E)f=(F 'iz)«f

where F : [2(G, 1) — L2(G, fi) is Fourier transform and  is
convolution.
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Example: G = G=R
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Exmnde:G::G::Zd

H=c’
2rigk
Ugex = €kix Vgek =e " de
A(k) = |ex) (ex]  B(k) = F*A(k)F.
In particular, the observavles A and B are mutually unbiased
w[ADBG)| =1/a  vij.
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Structure of conjugate observables

Theorem (Carmeli, Heinosaari, T.)

If (A, B) are conjugate observables, there exist unique probability
measures A\ on G and T on G such that

A(X) =: Ar(X) = /G AX —x)dA(x) VX e B(G)

B(Z) =: Br(3) = /G ME-¢)dB(¢) V=eB(G).
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Structure of conjugate observables

Theorem (Carmeli, Heinosaari, T.)

If (A, B) are conjugate observables, there exist unique probability
measures A\ on G and T on G such that

A(X) =: Ar(X) = /G AX —x)dA(x) VX e B(G)

B(Z) =: Br(3) = /G ME-¢)dB(¢) V=eB(G).

The observables (Aa, Br) are noisy versions of (A, B):
PONX) = tr [pAN(X)] = (A pp)(X)

5 3 B VpeS(H).
p," () =t [pBr(3)] = (M p,)(Z)

Alessandro Toigo (PoliMi, INFN) Coexistence of conjugate observables 10/31 Munich, September 10th, 2013



Covariant phase-space observables

Definition (Covariant phase-space observables)
An observable G : B(G x G) — L£(#) is a covariant phase-space
observable if

Ux VeG(Z) Vi Uy = G(Z + (x,€))
forall Ze B(Gx G), x€ G, ¢ € G.
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Covariant phase-space observables

Definition (Covariant phase-space observables)

An observable G : B(G x G) — L£(#) is a covariant phase-space

observable if
UxVeG(Z2)VE Uy = G(Z + (x,6))
forall Ze B(Gx G), x€ G, ¢ € G.

Theorem (Holevo; Cassinelli, De Vito, T.)

If G is a covariant phase-space observable, then there exists a unique
state T € S(H) such that

G(2) = /Z Uy Ver Ve UL du(x) di€)  VZ € B(G x G).
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Taking the margins of a covariant phase-space observable
AX)=G(XxG) BE)=G(GxX3)
we obtain conjugate observables (A, B).

Definition (Joint measurability)

Conjugate observables (A, B) are jointly measurabile if they are the
margins of a single observable G on G x G.

The joint observable G is in general not unique.
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Taking the margins of a covariant phase-space observable
AX)=G(XxG) B(Z)=G(GxZ3)
we obtain conjugate observables (A, B).

Theorem (Carmeli, Heinosaari, T.)
Conjugate observables (A, B) are jointly measurabile if and only if they

A

are the margins of a covariant phase-space observable G on G x G.

Remark

The generating state 7 of the covariant joint observable G = G is in
general not unique.

| A\
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Corollaries

Corollary

For conjugate observables (Ap, Br), these are equivalent facts:
- (An, Br) are jointly measurable;
- there is a state 7 € S(H) such that

AX) =u[rA(-X)]  TE) =u[8(-3)];

- there is a vectory € H ® H such that

AX) = (v, A=x)ew) (@)= (v, BEX)e1p) .

v
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Corollaries

Corollary

For conjugate observables (Ap, Br), these are equivalent facts:
- (An, Br) are jointly measurable;
- there is a state 7 € S(H) such that

AX) =u[rA(-X)]  TE) =u[8(-3)];

- there is a vectory € H ® H such that

AX) = (v, A=x)ew) (@)= (v, BEX)e1p) .

v

Conjugate observables (Ax, Br) are jointly measurable only if A and T
have densities w.r.t. the Haar measures . and ji.
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If p is a probability measure on R,

vatp) = [ (v [ xdp(x>)2 ap(y) .
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If p is a probability measure on R,

vatp) = [ (v [ xdp(x>)2 ap(y) .

If the conjugate observables (A, B) are jointly measurable, then for all
states p € S(H)

Proposition

Var(pfy)Var(p5) > 1.
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If A, € [0, 1], we define conjugate observables (A, B,)
1

Ar(k) = MA(K) + (1 = )) i

B,(K) = 1B(K) + (1-7) S
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Case G:G:Zd

If A, € [0, 1], we define conjugate observables (A, B,)
1

Ar(k) = MA(K) + (1 = )) L

B,(K) = 1B(K) + (1-7) S

Proposition
For all X € [0,1], let

() = (B =N +2V0 - DEH DT,

Then, the conjugate observables (A, B.,) are jointly measurable if and
only if0 < v < Ymax(N)-

v
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A

Figure: The boundary curve A — ymax(A) for d = 2,3, 4,5 (red solid curves)
and for d = 10,100, 1000 (orange dashed curves).
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A

Figure: In this picture d = 10. The grey regions represent necessary and
sufficient linear conditions.
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Conjugate observables (Ay,B,)
- are jointly measurable if vy + A < 1;

- are not jointly measurable if vy + X > 1 + %.
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Corollary
Conjugate observables (Ay,B,)
- are jointly measurable if vy + A < 1;

- are not jointly measurable if vy + X > 1 + %.

| A\

Proposition

If v = ymax(A), then the conjugate observables (A, B,) have a unique
foint observable. This unique joint observable is the covariant
phase-space observable G with

7= xa) Ol Xa = axe + S Freg,
where
1
== [V@-TFT-vi=3]  s=vi-x.
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If p and r are probability distributions on Z4, define
Axp() = AA() + (1 = A)p(j)L
B'y;r(k) = ’YB(k) + (1 - 'Y)r(k)]l .

The observables Ay, and B,;, are not covariant. However, the
following still holds.
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If p and r are probability distributions on Z4, define
Axp() = AA() + (1 = A)p(j)L
By.r(k) = yB(k) + (1 — y)r(k)L.

The observables Ay, and B,;, are not covariant. However, the
following still holds.

Proposition
The observables Ay., and B, are jointly measurable if and only if
0 < < Ymax(A)-
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Sequential implementation

Define the Ay-compatible instrument
I'ZdXS( )—)S(H)
I(k, p) = /Ax(K)p/Ax(K)
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Sequential implementation

Define the Ay-compatible instrument
T:ZgxS(H)— S(H)
I(k, p) = /Ax(K)p/Ax(K)
Then, 7 is a generalized position instrument
UVZ(k, Vi Ui pUi ) Vi U = (i + K, p)

and a sequential measurement of Z followed by B gives the covariant
phase-space observable

G(i,)) = Zi (B()) = VAADB, () VAA() -
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Sequential implementation

Define the Ay-compatible instrument
T:ZgxS(H)— S(H)
(k. p) = V/AN(K)p/Ax(K)
Then, 7 is a generalized position instrument
UVZ(k, Vi Ui pUi ) Vi U = (i + K, p)

and a sequential measurement of Z followed by B gives the covariant
phase-space observable

G(i,j) = Z; (B())) = vV AA(1)B, () vV AA() -
It is easy to check that G = G, with 7 = |x\) (x,|. Therefore, G is a
joint observable of (Ay, B,) with v = ymax(A).
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Informational completeness

Suppose (A, B,) are conjugate observables.

- IfXx ¢ {0,1} and 0 < v < ymax(A), then they have an
informationally complete joint observable.
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Informational completeness

Suppose (A, B,) are conjugate observables.
- IfXx ¢ {0,1} and 0 < v < ymax(A), then they have an
informationally complete joint observable.
- IfA ¢ {0,1} and v = ymax(\), then their unique joint observable is
informationally complete if and only if d is odd.
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Informational completeness

Suppose (A, B,) are conjugate observables.

- IfXx ¢ {0,1} and 0 < v < ymax(A), then they have an
informationally complete joint observable.

- IfA ¢ {0,1} and v = ymax(\), then their unique joint observable is
informationally complete if and only if d is odd.

- If X =0 or~ = 0, then they have no informationally complete joint
observable.
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Case |G| = |G| < .

If conjugate observables (A, B) are jointly measurable, with joint
observable G on G x G, we define

A 1 % | /%
G(x,g):@ Y UViG(x+y.+n)VyUy

(ymeGxG Gy, (X:6)
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Case |G| = |G| < .

If conjugate observables (A, B) are jointly measurable, with joint
observable G on G x G, we define

Yo U ViGx+y,E+mVyUy .
(ymeGxG Gy, (X:8)

G(ng) =

5
N

Then, G is a covariant phase-space observable with margins

A Vo 1 %\ /%
Gx}x G =1gp X Vi Gx+y+nWl,
(ym)EGxG ccG
1 * *
= G2 > U ViAX +y)V,Uy = A(x).
(y,n)erG
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Case |G| = |G| < .

If conjugate observables (A, B) are jointly measurable, with joint
observable G on G x G, we define

Yo U ViGx+y,E+mVyUy .
(ymeGxG Gy, (X:8)

‘ -

G(ng) =

@D

|2

Then, G is a covariant phase-space observable with margins

A 1 * | /%
G(G x {g}):@ Y UV Gx+y,E+n)VyUy
(y,n)eré xeaG
1 * *
= e > U ViB(E +m)VaUy =B(g)
(y,n)erG
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Case |G| = |G| = x

Definition (Invariant mean)

Let © be a locally compact separable metric space. An operator valued
mean on Q is a linear map

M : BC(Q) — L(K)

such that
(i) M(f) > 0if f > 0;
(i) M(1) = 1.
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Case |G| = |G| = x

Definition (Invariant mean)
Let © be a locally compact separable metric space. An operator valued
mean on Q is a linear map

M: BC(Q) — L(K)

such that
(i) M(f) > 0if f > 0;
(i) M(1) = 1.

If £ = C, then M is a mean, that is, a normalized
positive linear functional on BC(Q).
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Case |G| = |G| = x

Definition (Invariant mean)

Let © be a locally compact separable metric space. An operator valued
mean on Q is a linear map

M : BC(Q) — L(K)

such that
(i) M(f) > 0if f > 0;
(i) M(1) = 1.

An observable M on Q defines a operator valued mean on

M(F) := /Q fw)dM(w)  Vf e BC(Q).
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If M is an operator valued mean on €, define
M(occ) =1 —LUB{M(f) | f € Cc(Q2), 0 < f<1}.
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If M is an operator valued mean on 2, define
M(o0) =1 — LUB{M(f) | f € Cc(2), 0 < f < 1}.
There exists a unique operator valued measure My on Q such that
M(f) = Mo(f) Vi e Ce(Q).

For such M
or sueh Vo, Mo() = 1 — M(c0).
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If M is an operator valued mean on 2, define
M(occ) =1 —LUB{M(f) | f € Cc(Q2), 0 < f<1}.
There exists a unique operator valued measure My on Q such that
M(f) = My(f) Vi e Ce(Q).

For such My, Mo(Q) = T — M(0).

Proposition
IfM(o0) = 0, then

M(f) = Mo(f)  ¥f € BC(Q).
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Suppose Q = Q4 x Qp.
For f; € BC(Q;), define f; € BC(Q2) as

Fi(wr,w2) = fi(w;).

Definition (Margins of an operator valued mean)

If M is an operator valued mean on €, then the i-th margin of M is the
operator valued mean M; on €, given by

Mi(f) = M(f)  vf € BO().
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Suppose Q = Q4 x Qp.
For f; € BC(Q;), define f; € BC(Q2) as

Fi(wr,w2) = fi(w;).

Definition (Margins of an operator valued mean)

If M is an operator valued mean on €, then the i-th margin of M is the
operator valued mean M; on €, given by

Mi(f) = M(f)  vf € BO().

| A\

Proposition
Let M be an operator valued mean on ).

(i) IfMy(c0) = Ma(o0) = 0, then M(o0) = 0.
(i1) IfM(o0) =0, then (Mp); = (M;)o.
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Forall f € BC(G x G) and (x,¢) € G x G, let
f(x,&) = f('+X,'+§).

Definition (Invariant mean)

A mean mon G x G is invariant if
m(fixe) =m(f)  Vfe BC(Gx G), (x,€) € Gx G.
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Forall f € BC(G x G) and (x,¢) € G x G, let
f(x,&) = f('+X,'+§).

Definition (Invariant mean)

A mean mon G x G is invariant if
m(fixe) =m(f)  Vfe BC(Gx G), (x,€) € Gx G.

Theorem (E. Hewitt, K. A. Ross, Th. IV.17.5)

There exists an invariant mean on G x G.
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Let M be a joint observable of Ay and Br.
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Let M be a joint observable of Ay and Br.
For all p,% € H and (x,¢) € G x G, define

Olf; v, ¥](X,€) = (M(fx,e)) Ve Ure, VEURY ) .

Then, O[f; p,¢] € BC(G x G), and
@[f(xf); 2 ¢] = @[f' Uy V{@a Ux ng](x,g)
Offii 0, ¥](x,€) = (An(f)p, ¢¥)  Vfe BC(G)

A

O[g2; ¢, ¥](x,§) = (Br(g9)p, ) Vg€ BC(G).
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Fix an invariant mean mon G x G, and define the map
M2 : BC(G x G) — L(H)
(M¥(f)p, ) = m(B[f; ¢, ¥]).
Then, M® is a operator valued mean on G x G satisfying
M*™(fix,e)) = VEURM™(F)Uyx Ve .
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Fix an invariant mean mon G x G, and define the map
M2 : BC(G x G) — L(H)
(M¥(f)p, o) = m(O[f; p,¢]).
Then, M® is a operator valued mean on G x G satisfying
M*¥ (fix.e)) = VEURM™ () Uy Ve -
Moreover,
av — A M&V — 0
LT = e
3 =Br Mg’ (c0) =0
Therefore, M = MY, that is, M*" is an operator valued measure on

A

G x G.

—  M¥(c0)=0.
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