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Abstract

We characterize the reproducing kernel Hilbert spaces whose el-
ements are p-integrable functions in terms of the boundedness of the
integral operator whose kernel is the reproducing kernel. Moreover, for
p = 2 we show that the spectral decomposition of this integral opera-
tor gives a complete description of the reproducing kernel, extending
Mercer theorem.

1 Introduction

The aim of this paper is the characterization of the reproducing kernel
Hilbert spaces (RKH spaces) whose elements are vector valued p-integrable
functions. We show that, if H is such a space and I' its reproducing kernel,
the functions in H are p-integrable if and only if the integral operator of
kernel T is bounded from L7 to L. Moreover, for p = 2, we prove a
generalized version of Mercer theorem, that is, the fact that the reproduc-
ing kernel can be expressed in terms of the spectral measure of the integral
operator. Our results hold for RKH spaces of functions f : X — K where X
is a measurable set and K is a Hilbert space, following the general setting
of vector valued RKH spaces outlined in [1, 2, 3].

The characterization of the regularity properties of the RKH spaces
in terms of corresponding properties of the reproducing kernel is already
discussed in the literature. In [3] there is a complete characterization of
RKH spaces whose elements are continuous or smooth complex functions,
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see also [4], whereas in [1] there is a discussion of RKH spaces of holo-
morphic vector valued functions. However, a similar treatment for RKH
spaces of p-integrable functions has not yet been exploited. The problem
of square-integrability is discussed in the framework of harmonic analysis in
connection with square-integrable representations (there is a large literature
on the topic, see for example [5, 6] and references therein); in a general
setting there are some sufficient conditions in [4].

The motivation of the present work is twofold. In recent years there is
a new interest for the theory of RKH spaces in different frameworks, like
quantum mechanics [7], signal analysis [8, 6], probability theory [9] and sta-
tistical learning theory [10, 11]. In particular, for these applications there is
often the need of RKH spaces whose elements are square-integrable (possibly
vector valued) functions. However, most of references are mainly devoted to
characterize operations between RKH spaces (like sum, restriction, tensor
product), whereas few papers discuss the correspondence between regularity
properties of RKH spaces and features of the associated kernels.

This paper is both a research article and a self-contained survey about
RKH spaces whose elements are functions that take value in a separable
Hilbert space K and are p-integrable according to a o-finite measure. The
article is organized as follows. At the beginning of each section we briefly
introduce the main notations we need. In Section 2, following [3, 4] we
review the connection between

1. RKH spaces of functions from a set X into a Hilbert space K;

2. kernels of positive type on X x X and taking value in the space of
bounded operators on K;

3. maps on X taking values in the space of bounded operators from K
into an arbitrary Hilbert space.

In Section 3 we study the problem of measurability under the assumption
that both I and the RKH space are separable. Our proof is an easy con-
sequence of the equivalence between weak and strong measurability for op-
erator valued maps. In Section 4 we assume that X is a measurable set
endowed with a o-finite measure  and we show that a RKH space H is a
subspace of LP(X, u; K) if and only if the integral operator whose kernel is
the reproducing kernel of H is bounded from LT (X, 1; K) into LP (X, p; ).
This is the main result of the paper. In Section 4.4 we give additional con-
ditions on the reproducing kernel I' ensuring that the inclusion of H into
LP(X, pu; K) is compact. In Section 5 we assume that X is a locally compact
space and we prove that the RKH space H is a subspace of C(X; K) if and
only if the reproducing kernel is locally bounded and separately continuous.
As before we also discuss the compactness of the inclusion. For the scalar
case the results we present are due to [3], however we give an elementary



proof which holds also for the vector case.

Finally, in Section 6 we assume that X is a measurable space endowed
with a o-finite measure p and H is a separable RKH space such that
H C L*(X,p;K). We characterize the space H and the reproducing ker-
nel I' in terms of the spectral decomposition of the corresponding integral
operator. When X is a compact subset of R™ endowed with the Lebesgue
measure, this kind of result is known as Mercer theorem [12]. Extensions of
Mercer theorem can be found in [10, 13, 14] and references therein.

2 Reproducing kernel Hilbert spaces

In this section we give the definition of vector valued RKH spaces, we show
the correspondence between such spaces and vector valued kernels of positive
type and we analyse the relation between the vector and scalar case. The
results we present in this section are well known for the scalar case, see
[4, 15, 9] for updated references. For the vector case we refer to [3, 2, 1].

2.1 Notations

Given two sets X and Y, the vector space of functions from X into Y
is denoted by Y endowed with the topology of point-wise convergence.
If H is a Hilbert space', the corresponding norm and scalar product are
denoted by ||-||;, and (-, ), respectively. The scalar product is linear in the
first argument. If H, K are Hilbert spaces, B(H;K) is the Banach space of
bounded operators from H to K (with B(H) = B(H;H) ) and H||H]C denotes
the uniform norm in B(H;K). If A € B(H;K), Ker A denotes the kernel,
Im A the image and A* € B(K;H) the adjoint.

Finally we let By(H; K) be the Banach space of compact operators with the
uniform norm and B (H; K) the Banach space of trace class operators with
the trace norm.

2.2 Definitions and main properties

We recall the definitions of RKH space and of kernel of positive type for
vector valued functions. Let X be a set and K a Hilbert space.

Definition 1 A K-valued reproducing kernel Hilbert space on X is a
Hilbert space H such that

1. the elements of H are functions from X to IC;

2. for all x € X there exists a positive constant C, such that

If@)e < Cellfllyy Ve (1)

"We only consider the case of complex Hilbert spaces, however almost all the results
hold in the real case.




Definition 2 A K-kernel of positive type on X x X isamapT': X x X —
B(K) such that, for all N € N, z1,...,zy € X and ¢1,...,cy € C,

N
Z cicj(U(zj, zi)v,v) e >0 Vv € K.
ij—1

As in the scalar case any RKH space H canonically defines a KC-kernel of
positive type. Indeed, given x € X, (1) ensures that the evaluation map at
x

evy : H— K ev.(f) = f(x)

is a bounded operator and the reproducing kernel associated to H is defined

as the map
I': X xX— B(K) [(z,y) = evzev,,.
Since for all v € K
N N N
<Z cicjf(xj,xi)v,v> = <Z cieV;iU,cheV;jv> >0,
ij=1 K i=1 j=1 K

the map I" is KC-kernel of positive type.
To study the regularity properties of the elements of H it is useful to
introduce the map

’YX_)B(]CaH)a ’7(‘%) :eV;7

so that I'(z,y) = v(x)"y(y).
The following properties are simple consequences of the definition.

1. The kernel I' reproduces the value of a function f € H at a point
x € X. Indeed, for all x € X and v € K

eviv=T(-,x)v

so that
(f(z),v)c = (f,T(;, 2)v)y. (2)
The inclusion of H into KX can be written as the linear operator
1 H — KX
(e f)(@)=~(@)"f [feH reX (3)

and (1) is equivalent to the fact that 1. is continuous from H into KX.
This point of view is developed in full generality in [3] where ¥ is
replaced by any locally convex topological vector space.



2. The set {eviv |z € X, v € K} is total in H, that is,
(UgexTmevy)™ = {0}. (4)
Indeed, if f € (UpexImev)™, then f € (Imev*)t = Kerev, for all
x € X, so that f(x) =0 for all z € X, i.e. f=0.

. 1
3. Since ||evf,3|]7j£’)C = ||ev§|| = HF(ﬂC,fL’)H,@K

1f @l < IT@ a2, 1 fly  we€XfeM.

Hence, if a sequence (f,), oy converges to f in H, it converges uni-
formly on any subset C' C X such that sup,cq ||I'(z, av)||mC is finite.
In particular, (f,),cy converges point-wise to f on X.
The next proposition proves that any IC-kernel I' of positive type on X
defines a unique K-valued RKH space whose reproducing kernel is I'. For the
scalar case, it has been obtained by many authors, see [16, 17, 18, 19, 20, 21]

and, for a complete list of references, [15, 22, 23, 4]. For the vector case see
(2, 3].

Proposition 1 Given a K-kernel of positive type I' : X x X — K, there is
a unique K-valued RKH space H on X with reproducing kernel T'.

Proof. We report the proof of [3], see also [15]. For all z € X and v € K,
define the function I', , = I'(-,x)v € KX and

Ho =span {I';, |z € X, ve K} c KX,
If f=3"¢cls0 and g = Zn d;T'y. w; are elements of Ho, we have
Zd y] w] ]C_ZC’L yjaxl Uzawj>lc_zci<vi7g(xi)>lca

so the sesquﬂmear form on ’Ho x Ho

ZCZ ijxz vZ7w]>]C

is well defined. The fact that I" is a KC-kernel of positive type implies that
(f,f) >0 for all f € Hy. The positivity ensures that the sesquilinear form
is hermitian. Let now x € X, the choice g = I';,, in the above definition
gives

(f,Tz0) = (f(x),v) Ve e X
for all f € Hp.
We claim that the above sesquilinear form is a scalar product. If f € Hy,
for all v € K with ||v||, =1 by the Cauchy-Schwarz inequality we have

(@), 00l = [ Taw) | < (o )2 (Do, Tao)/?
= (f OO0, 2)0, 00 < ()02



implying o )
1@l < A2 0@ )l

Hence, if (f, f) =0, then f =0 and, hence, (-,-) is a scalar product on H.
Let 'H be the completion of Hg and define I'y, : K — 'H, I';v =TI'y,,, which is
bounded by construction, and A : H — KX, (Af)(z) = T%f. We claim that
A is injective. Indeed, if Af = 0, then f € kerI'* = ImTI',* for all z € X
and, since the set UzexIm ', generates Hy, f = 0 . Due to the fact that A
is injective, H can be canonically identified with a subspace of KX, so that
f(z) = evyf =Tk f showing that H is a RKH space with reproducing kernel

F'H<x7 y)'U - (evzv)(x> - F(.’I,'7y)1]
The uniqueness of H is evident from the uniqueness of the completion. =

The above theorem holds also if K is a real vector space provided we add
the assumption that I' is symmetric, I'(x,y) = T'(y,z). If K is a complex
space, a kernel of positive type is always hermitian, I'(z,y)* = I'(y, x).

The following proposition shows another way to define a RKH space H.
This point of view is developed in [4].

Proposition 2 Let H be an arbitrary Hilbert space and A : H — KX. The
following facts are equivalent.

1. For any x € X there is a positive constant Cy satisfying

l(Aw)@)l < Cylully  ue

2. There is a map v : X — B(K; 7'7) such that

(Au)(z) = v(x)*u weH, zeX. (5)

3. The operator A is a partial isometry from H onto a RKH space H C
KX,

If one of the above conditions is satisfied, then
ker A = (UpexTm (@), (6)
the reproducing kernel of H is
Iz, y) =~v(@)(y)  2yeX
and the evaluation map at x € X is

evy, = (Ay(z))" - H — K. (7)



Proof. Clearly 1. <= 2. and 3. = 1.. We show 2. = 3.. Indeed, (5) en-
sures that the kernel of A is N' = N ¢ x ker y(z)*, which is closed. Moreover,

N = Ngex kery(2)" = Nyex (Imy(2))" = (UpexTmy(2)) ",
so (6) follows and the restriction of A to N'* is injective. Let H = Im A as a
vector space, and define on it the unique Hilbert space structure such that
A becomes a partial isometry from H onto H and we denote this partial
isometry again by A. We show that H is a RKH space. Since A*A is the
projection onto N, given f € H where f = Au and u € N'*,

f(z) = (Au)(z) = y(2)"u = y(2)" A" Au = (Ay(2))"f =€ X,

so that the evaluation map ev, = (Avy(z))* is continuous and the reproduc-
ing kernel is given by

[(z,y) = eveevy = v(x) " A"Ay(y) = y(2)"(y) =y € X,
since A*A is the identity on Im~y(y). m

If the map ~ is such that the set UyexIm~y(x) is total in ﬁ, then A is a uni-
tary operator from H to the RKH space H. It follows that, up to a unitary
equivalence, there is a correspondence between K-valued reproducing ker-
nel Hilbert spaces H, K-kernels of positive type and operator valued maps
v : X — B(K;H) such that span {y(z)v |z € X, v € K} = H. Hence the
regularity properties of the elements of a RKH space can be characterized
in terms of the corresponding properties of the inclusion 7., the reproducing
kernel T" and the map 7. A first example is given by the following proposi-
tion, which discusses the problem of compactness of the inclusion.

Proposition 3 With the above notation, the following facts are equivalent:
1. the inclusion 1. is compact from H into KX ;
2. forallx € X, I'(xz,z) € Bo(K);
3. forallx,y € X, T'(x,y) € By(K);
4. forallz € X, v(x) € Bo(K, H).

Proof. Since I'(z,y) = v(z)*y(y) and, by polar decomposition, y(z) =
U,I'(x, x)% where U, is a partial isometry, the equivalence between the last
three conditions follows by the fact that the space of compact operators is
an ideal and Schauder theorem [24].

We show that 1. <= 4.. The topology of KX is the product topology and
Tikhonov theorem implies that 2. is compact if and only f — f(x) = v(x)*f
is a compact operator from H to K. The claim follows again by Schauder
theorem. m



We end the section recalling the correspondence between vector and scalar
reproducing kernel Hilbert spaces [2, 3].

Scalar RKH spaces correspond to the choice K = C so that B (C;C) = C
and B (C;H) = H. Hence the reproducing kernel I" takes value in C and
is a function of positive type in the usual sense. Moreover y(z) is a vector
Y. € H such that

Y. = T'(hx)eH
fl@) = {fir)n
F(:L‘,y) = <7y7'7x>7—('

for all x,y € X and f € H.

The importance of the scalar case is due to the fact that the algebraic
properties of any vector valued RKH space can be reduced to the corre-
sponding properties of a scalar RKH space. Let K be a Hilbert space and
H a K-valued RKH space on X with reproducing kernel I'.

We define the linear map W : H — CX*K as

W) (@, v) = {f(x),v)x

Proposition 4 The map W is a unitary operator from H onto the scalar
RKH space H on X x IC whose reproducing kernel is

'z, v;y,w) = (D(z, y)w, v) (x,v), (y,w) € X x K.

Proof. By definition (W f)(z,v) = (f,eviv),;, and (4) implies that W is
injective, so the thesis follows applying Prop. 2 with A=W. =

The above construction is not as powerful as it can seem at first glance.
If, for example, we are interested in the case in which the base space has
some regularity property (e.g. local compactness) then it is not guaranteed
that also X x K shares this property. Usually in this case one resorts to the
linearity of the second entry thus recovering the distinctive role played by
K. Moreover, no simplification arises in the proof of Prop. 1 and Prop. 2
considering the scalar case. Finally given a scalar RKH space H on X x K,
in general it does not exists a K-valued RKH space ‘H such that WH = H,
for a discussion see [2].

3 Measurability

In this section we assume that X is a measurable space and we character-
ize the conditions on the reproducing kernel ensuring that the elements of
the corresponding RKH space are measurable functions. An assumption of
separability will be essential.



3.1 Notations

Let K be a Hilbert space. A function f : X — K is measurable if it is
measurable as a function from X to K, K being endowed with its Borel
o-algebra; f is weakly measurable if each function = — (f(x),v)x, v € K,
is measurable. If K is separable, the two definitions are equivalent. Let
‘H be another Hilbert space, a function v : X — B(K;H), is strongly
(resp. weakly) measurable if the map = — v(z)u is measurable (resp. weakly
measurable) for all w € K. The function v is measurable if it is measurable
as a map taking values in the Banach space B(K; H) with its uniform norm.
If both H and K are separable, weak and strong measurability of ~ are
equivalent and ensure that = — ~(z)* is strongly measurable, the function
T H’y(m)HKH is measurable and the map X > z — ~v(z)¢p(x) € H is
measurable for any measurable function ¢ : X — K [25].

3.2 Main results

Let X be a measurable space and K a separable Hilbert space. Let H be a
K-valued RKH space with reproducing kernel I'.

The following result is an elementary consequence of the properties of
measurable functions.

Proposition 5 Assume that the RKH space 'H is separable. The following
conditions are equivalent:

1. the elements of H are [weakly] measurable functions f: X — K;
2. the map I' : X x X — B(K) is strongly [weakly] measurable;

3. for all x € X, the map X 3y — I'(y,z) € B(K) is strongly [weakly]
measurable;

4. the map v : X — B(K;H) is strongly [weakly] measurable.
Proof. Clearly, 2. = 3. and we show the other implications.
1. = 4. Given f € H the map
z = (x)"f = fx)

is measurable by assumption. This means that +* and, hence, v are
strongly measurable.

4. = 2. By assumption the map x — ~(z)v is measurable and z — ~(x)* is
strongly measurable, so

(z,y) = T(z,y)v = v(z)"v(y)v

is measurable, that is, I' is strongly measurable.



3. = 1. By assumption, for all x € X and v € K the functions evjv =
['(-,z)v € H are measurable. Let now f € H. By (4) there exists
a sequence (fn)nen in span {eviv |z € X, v € K} converging to f in
H. The functions f,, are measurable and by (1) the sequence converges
point-wise to f, so f is measurable.

The following example (see [25]) shows that the separability of H is essential
in the above proposition.

Example 1 Let X = R with its Borel o-algebra X(R). Fiz a subset A C R
such that A ¢ ¥(R). Let

H:{f:R—>C|f(x):0Vx¢A,Z|f(x)|2<oo}

reX

where ) denotes the summability. The space H is a Hilbert space with
respect to the scalar product

(fr9)y =D fla)g(x)

zeX

and H is not separable. It is a scalar RKH space on X with reproducing

kernel
_J1 ifr=yecA
I(@y) _{ 0 otherwise

Given f € H, the condition Y, | f(x)[* < +oco implies that f(z) =0 for
all but denumerable number of x € X, so f is measurable. However, since
A is not measurable, I is not measurable, so that in the statement of the
above proposition 1. does mot imply 2. .

If T" takes values in the space of compact operators, Prop. 5 can be improved,
as shown in the next result.

Proposition 6 Assume that H is separable. If I'(x,z) € Bo(K) for all
x € X, then the following facts are equivalent:

1. the elements of H are measurable functions;
2. the map v : X — B(KC; H) is measurable;
3. the map ' : X x X — B(K) is measurable.

Proof. Prop. 3 ensures that y(z) € Bo(KC;H) and I'(z,y) € Bo(K) for all
x,y € X. Moreover Prop. 5 implies that 1. is equivalent to the fact that I
or v are strongly measurable. It follows that 3. = 1. .

10



1) = 2) Since By (K;H)" = By (H; K) is separable, we only need to prove that
the map x +— tric (Ty(z)) is measurable for every T € By (H;K). In a
basis (en),cy of K we have

trc (Ty(2) = Y (Tv(@)en, en)ic = D (v(@)en, T en)yy.

n n

Since +y is strongly measurable, each term in the sum is a measurable
function of x, hence x +— tri (Ty(x)) is measurable, as claimed.

2) = 3) Since the map B(K;H) x B(K;H) > (A,B) — A*B € B(K) is con-
tinuous in the uniform norm topology, the map I' is measurable by
measurability of .

4 Integrability

In this section we assume that X is a measurable space endowed with a
o-finite positive measure p and we characterize the RKH spaces whose el-
ements are p-integrable functions with respect to the measure p for any
1 < p < oo. We always assume that the Hilbert space K is separable.

4.1 Notations

Given 1 < p < oo, LP(X, u; K) denotes the Banach space of (equivalence
classes of) measurable functions f : X — K such ||f|[} is p-integrable,
whereas L™ (X, u; K) is the Banach space of measurable functions f : X — K
that are p-essentially bounded. The corresponding norm in LP(X, u; K) is
denoted by ||-||,. If K =C, we let LP(X, u) := LP(X, u; C).

We let q = ]% with the convention pfl = oo if p = 1, and z% =1if
p = oo. We regard the spaces LP(X, u; K) and LY(X, p; K) in duality with
respect to the pairing

(61}, = / (6(2), 0@ dp(z) b€ IP(X, 1K), § € LIX, u: K).

Notice that the pairing is linear in the first argument and antilinear in the
second.

If H is a Hilbert space and A : H — LP(X,u;K) is a bounded linear
operator, we let A* : LI(X, u; K) — H be the adjoint of A with respect to
the pairing above. The operator A* always exists and is bounded.

Finally we denote by [ f(z)du(z) and by w—[ f(z)du(x) respectively the
Bochner integral and the Pettis (weak) integral of a vector valued function
f with respect to the measure pu.

11



4.2 Bounded kernels

We now extend to the vector valued case the definition of bounded kernel
from the theory of integral operators [26]. The following definition holds for
arbitrary kernels (not necessarily of positive type).

Definition 3 Let T : X x X — B(K) be a strongly measurable function.
Given 1 < p < 00, the kernel I’ is called p-bounded if

1. for p-almost all x € X
[Ir@r el duty) <+ ek
2. for all p € LP(X, u; K), the map

X oo we / Tz, 1)6(y) duy)

is in LI(X, u; K).

Condition 1. implies that, given ¢ € LP(X, u; K) and v € K, the function y —
(P'(z,y)0(y), v) is integrable for p-almost all z € X, so Condition 2. makes
sense. Indeed, since I' is strongly measurable, (I'(x, )¢(-), v) ¢ is measurable.
Moreover,

/I(F(ﬂﬂ,y)sb(y),v%cl du(y)

IN

/ 16@) e [T v) ol du()
161 1T, ) o), - 8)

IN

Hence, the weak integral w—| I'(z, y)é(y) du(y) exists and is an element of
K for p-almost all x € X.

In the above definition, boundedness refers to the fact that the operator
L is bounded from LP(X, u; K) to LY(X, u; K), as shown in the next propo-
sition. However one can show that the condition of p-bounded kernel is not
strictly necessary to have a bounded integral operator (for a discussion see
[26], where for p = 2 our definition coincides with the notion of Carleman
bounded kernel).

Proposition 7 LetT' : X x X — B(K) be a p-bounded kernel (1 < p < o0).
The operator L. : LP(X, p; K) — LY(X, p; K)

<LF¢><x>=w—/ P@,y)é@)duly)  forp—aazeX  (9)

1s bounded.

12



Proof. The definition of p-bounded kernel ensures that L is everywhere
defined, so by the closed graph theorem it suffices to show that L is a closed
operator. So, suppose that ¢, — ¢ in LP and L.¢, — v in L1. Eq. (8)
implies that

‘<{W—/}Xwﬂo(%xy)—wﬂy»<hdyﬂ,v>K’SH¢n—-¢mJuxxfvaq Vo € K

for p-almost all € X, so that the weak limit of (L.¢y)(z) is (L.¢)(z)
p-almost everywhere. By the uniqueness of the limit, ¢ = L.¢ so that the
graph of L, is closed, as claimed. m

The following corollary gives a sufficient condition to have a p-bounded
kernel.

Corollary 1 LetT': X x X — B(K) be a strongly measurable function such
that

JIr@ Iz, des ey < +o. (10)

then I' is a p-bounded kernel and

(L6)(x) = / P(2,y)d(y) du(y).

Proof. Notice that, since K is separable, the map = — ||T'(z,y) is mea-

e x
surable, so (10) makes sense. Assume for example p > 1. Since ||['(z,y)*v|| <

IT(2, )|l o [lv]lc; Fubini theorem ensures that, for y-almost all z € X, the
function y — ||I'(z,y)*v|| is in L? for all v € K, so that Condition 1 of
Definition 3 follows. We now show that, if ¢ € LP(X, u; K), the map

X2y T(x,y)ey) €K

is integrable and Lr¢ € LI(X, u; K). Indeed,

[ [ v o i)
< [([IrG il 16 duw)) dute)

< [([ireans, asw) ([ 160l )™ aute)

= ol [ I, dlu® W) < o

dp(z)

The case p = 1 is treated in a similar manner. m

13



4.3 Main results

Let X be a measurable space endowed with a o-finite measure p and K a
separable Hilbert space. Let ‘H be a K-valued RKH space with reproducing
kernel T'.

Proposition 8 Assume that H is a separable RKH space of measurable
functions. Given 1 < p < oo, the following conditions are equivalent.

1. the elements of H belongs to LP(X, u; K);

2. the reproducing kernel I' of H is q-bounded with q = 1%'
If one of the above conditions holds, then

(1) the inclusion 1. : H — LP(X, u; K) is a bounded linear map;

(i) its adjoint 2% : LY(X, u; K) — H is given by
76 = w— [ 1)o@ du(o). (11)

(iii) 107 = L., where Ly is the integral operator of kernel I' given by (9).
Proof.

1. = 2. We prove that the inclusion ¢ : H — LP(X,u;K) is bounded. If
fn — f in H is such that o f, — ¢ in LP, then (s f,)(z) — f(x) for
all z € X, and so ¢ = 2. f by the uniqueness of the limit. The closed
graph theorem ensures that ¢, is continuous.

We show (11). Given ¢ € LY(X, ;K), for all f € H
(56, 1), = (610 f), = / (6(2), £(2) e dulx) = / (H@)B(@), Fyg ().

It follows that the map x + (x)¢(x) is weakly integrable and 2 ¢ =
w—[ v(2)¢(z) du(z).

We now show that I' is a ¢g-bounded kernel. For all x € X and v € I,
the function I'(z,-)*v = eviv belongs to H and, by assumption, is
p-integrable, so that condition 1 of Definition 3 is satisfied. Moreover,
if ¢ € LI(X, p; K)

w— / I'(z,4)d(y) duy) = w— / (@) 1 ()9y) duly) = evar s = (1% 9)(x)

for p-almost all x. Since 2.27¢ € LP(X, u; K), condition 2 of Defini-
tion 3 holds and, in particular, ¢4} = L.
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2. = 1. Since p is o-finite, there is an increasing sequence (X, ),en of measur-
able subsets of X such that pu(X,) < 400 and UpenX,, = X. Given

n €N, let
Cn = {z € Xp [ |7(2)]

The subsets C), are measurable, C,, C Cpy1, UpenCp = X, and
p(Cr) < oo.

Let f € H. Define

. <n}.

fo(@) = X0, (2) f (2),

Xc, being the characteristic function of the set C,. Then

[fn(@)llc < xcn (@) 7 (@) fllic < nxe, (@) (11135
so fn € LP(X, ;). If ¢ € LY(X, pu; K), we have

Uty = [ (0@ (@), 6@} )
= ) (x)y(x)o(x) du(z
(£ [ xeutan@sta) >>H

The norm of the second term in the scalar product has the following
upper bound

2

H/ xc, (@)y(2)¢(x) dp(z)

H

= / ( / (xc, WrW)ey), xc, (x)y(x)p(x)) 4y du(y)> dp(z)
= [ (5= xe. M 0600 dul) xe. (@0(0)) duto)

K
= (Lo (xe, ). (xeu ), < 1L 9112

since by assumption and Prop. 7 L. is an everywhere defined bounded
operator. We thus have

(B | < 1l LI 18, (12)

For 1 < p < oo, we take the supremum over ¢ € L7 = (LP)* with
[¢ll, <1 and we get

1 fally < IE2 11 F e -

By monotone convergence theorem, this implies | f||,. € LP(X,p),
so that f € LP(X,pu;K). For p = oo, (12) implies that L' > ¢ —
(fn, ¢), € C is continuous so f, € L> and

1/2
Walloo < NLel 211 £l
This implies f € L*°.
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The fact that the elements of LP(X, u; ) are equivalence classes implies
that, in general, the inclusion operator ¢ : H — LP(X, ; K) is not injec-
tive. The following result characterizes Kers, under the assumption that
~v(x) is compact.

Proposition 9 Let H be a separable K-valued RKH space with a g-bounded
reproducing kernel T'. Assume that T'(x,z) € Bo(K) for all x € X and define

S={z € X | pu(Bge) >0 Ve > 0},

where By = {y € X | |T'(y,y) + ' (z,z) — T'(z,y) — Ly, z)ll, . < €2}, Let
1. H — LP(X, 11;K) be the inclusion, then

Keriy, ={feH| f(z)=0 VzeS} (13)
Proof. First of all, notice that the definition of I' gives that

Bre={y e X [v(y) —v(@)ll.,, <€}

which is measurable since v is measurable by Propositions 3 and 6. Since
H and K are separable, the space By (K;H) is separable. Observing that
v(z) € By (K;H) for all x € X, it follows there is a denumerable family
{Bz, ¢, | n € I} such that, if z € X and € > 0,

B:L’,e - UnEJan,En

where J C I. Hence X\ S = {z € X | 3¢ > 0 p(B;,) = 0} has null measure
being the denumerable union of null sets.

Let now f € H such that f(z) =0 for all z € S, then f = 0in LP(X, p).
Conversely, suppose there exists € S such that f(x) # 0, that is, y(x)* f #
0. For e sufficiently small, we have that (y)*f # 0 for all y € B, .. In par-
ticular, f(y) = v(y)*f # 0 for all y € B, ¢, which has nonzero measure by
definition of S. It follows that f # 0 in LP(X, ). =

For p = 2 we can compute 22, which is known as frame operator in the
context of frame theory (see, for example, [27]).

Corollary 2 Let H be a separable K-valued RKH space whose elements are
square integrable functions. Then

it = [ 220 da). (14)
In particular, the following conditions are equivalent:

(i) 1. is a Hilbert-Schmidt operator;
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(ii) T'(x,x) is a trace class operator for almost all x € X and
[ ek e0) dute) <+

(i1i) L. is a trace class operator.

If one of the above conditions holds, the integral in (11) converges in norm
and the integral in (14) converges in trace norm.

Proof. Eq. (14) follows from (11) and (3). We now prove that (i) <=
(74). The separability of K and the strong measurability of I' ensure that
X 3 2z — trgD(z,z) € [0,400] is measurable. Let (f,)nen be a Hilbert
basis of H. Since %1, is a positive operator and z — [(y(z)y(z)* fn, fn>H\2
are positive functions the monotone convergence theorem gives

RUIOSREES Z/W(UC)’Y(HT)*fmfn)Hdﬂ(x)

= /trH’y(w)’Y(»’C)*dM(m)
_ / trie v (2) () du()
_ / tre Dz, ) du(z).

The equivalence of (i) and (ii) follows. The equivalence between (i) and (7i7)
is trivial since Lp = 1.1].

Now we prove the statements about (11) and (14). Since v : X —
B(KC;'H) is strongly measurable by Proposition 5, for ¢ € L?(X, u;K) the
map x +— y(z)¢(x) is measurable. Moreover,

v(@)o@)llf, = (L@ 2)¢(@), $(2)) < IT(@2)ll, . o)k
< tee Dz, 2) l6(2) k-

Condition (ii) ensures that z +— v(z)é(x) is in L} (X, u; K).

We come to (14). The strong measurability of = ensures that z +—
v(x)y(x)* is measurable as a map from X into By (H). Indeed, since B (H)
is separable, it is enough to show that for all B € B(H) = By (H)" the map
x +— try (By(x)y(z)*) is measurable. Indeed,

trye (By(@)y()") = Y (By(@)v(2)" fas fa)n

= " @) @) B fa

*

and the maps z — ~(x)* f,, and v(z)*B* f,, are measurable. Since y(x)v(x)
is a positive operator, its norm in Bi(H) is try (y(z)y(x)*) = tre I'(z, z).

17



Convergence of the integral (14) in B;(H) then follows immediately from
condition (ii). m

4.4 Compactness

We now discuss the problem of the compactness of the inclusion of the
RKH space H into LP(X, u; K). If K = C, the next proposition is an easy
consequence of a well known fact in the framework of integral operators
(see, for example, [26] for a complete discussion about the compactness of
integral operators in L?(X, p)).

Proposition 10 Suppose that H is a separable RKH space such thatT'(xz,x) €
Bo(K) for all x € X and x — T'(x,z) is measurable. Let 1 < p < oo, if

J I a2 dute) < +oc,

then H C LP(X, u; ) and the inclusion 1. : H — LP(X, u; KC) is compact.

Proof. Prop. 5 ensures that the elements of H are measurable functions.
Moreover, the map z — [7(2)] ., = Dz, )[[V2 is in LP(X, ). For f € H.
we have || f(z)||,c < ||fy(x)||m_t || fll4, thus showing that f € LP(X,u; ). If
(fn)nen is a sequence in ‘H which converges weakly to 0, then f,(x) =
y(x)*fr, = 0in K for all z € X, since y(z) is compact by Prop. 3. Since
| fn(@)]lc < ||’y(a:)||’CH | fnll3¢ and sup,, || fn|l4, < o0, it follows by dominated
convergence theorem that f, — 0 in LP(X, u; K). This shows that ¢ maps
weakly convergent sequences into norm convergent sequences, so ¢, is com-
pact. m

Suppose p is a finite measure. If H is a separable RKH space of scalar
valued measurable functions, and H C L'(X, p), the inclusion 2. : H —
LY(X, i) is compact as an easy consequence of a result due to [28]. In the
general case, with no restriction on p and the dimension of IC, we have the
following fact.

Proposition 11 Suppose that ‘H is a separable RKH space such that H C
LY X, p;K). If D(x,2) € Bo(K) for all z € X, then the inclusion 1. : H —
LY X, p;K) is compact.

Proof. We divide the proof in three steps.

1. Suppose that there exists a disjoint sequence of measurable subsets
(Ej)jen, with u(E;) < oo, and operators y; € By(K; H) such that

)= xg @)y VoeX. (15)
JjEN
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The condition that H C L'(X, u; K) implies that for all f € H

S uED 5l = [ 0@ e dnte) = [ 1@ dute) = 151,
J

i.e. the sequence <u(Ej)7;‘-‘f)>' N is in ¢}(K). The linear operator
j€
T:H— (HK)
(Tf); = mE ;|
is bounded since

1T lleriey = N1 < Mol 151 (16)

Suppose (fn),cn is a sequence in H converging weakly to 0. For all
J € N, by compactness of v;, (T'f,)(j) — 0 in K. Moreover, by con-
tinuity of T, T'f, — 0 weakly. Thus, by Lemma 1 in the appendix,
1T fall 2y — O This fact and (16) show that ¢, maps weakly conver-
gent sequences in H into norm convergent sequences in L', hence [
compact.

. Now, without making any assumption on the map v, we claim that
there exist maps y1, 2 : X — B(K; H) such that: (i) 71 is as in (15);
(73) y2(x) € Bo(K; H) for all x, and the map = — ||y2(z) is in L!;
(@) v = 1 + 2.

To this aim, let (Xp,),cy be an increasing sequence of measurable
subsets of X such that p(X,) < co and X = |J,, Xp,. For all n € N
define by induction

Ag=0, A, = {x € X |z ¢ Ap_rand |y(2)], , < n} .

Iy 2

Each A,, is measurable, pu(A4,) < oo for all n, A, N A, = 0 if n # m,
and |J,, A, = X. By Prop. 3, v(z) € By(K; H) for all z, and the map
v : X — Byo(K;H) is measurable by Prop. 6. The function y 4,7 is
thus integrable as a map taking values in By(KC; H), so there is a step
function 7, : X — By(K;H) supported in A,, such that

[ h@) = m@l,, o) < o

n

The map

M= XA

neN
(which is well defined since the sets in the sequence (A, ),en are dis-
joint) is as in (15). Let y2 = v — 71, then ya(z) € Bo(K;H) for all x,

and
1@y @ =3 [ o) = 1@, dnte) < Y o =2
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so that the claim follows.

3. Let v =1 + 72 be as in 2.. For i = 1,2, define I';(z,y) = v;(x)*vi(y),
and let H; be the RKH spaces with reproducing kernel I';. By Prop. 2,
we have two partial isometries

A H — Hy, (Aif) (z) = vi(x)" f.
If f € H, then

S @l dut@) = [ 16@) = ()’ flic duto)
J 5@ dut@) + 111 [ e, dute) < .

which shows that H; C L'(X,u;K). Using the expression (7) for
the evaluation map in H;, we see that H; is as in step 1), hence the
inclusion U, Hy — L' is compact. On the other hand, by Prop. 10
He C LY(X,u;K) and the inclusion i, Hy — L' is compact. In
conclusion, 1. = 1. A1 + 1, Ap is compact.

IN

It is easy to check that the requirement I'(z, x) € By(K) for all x is essential
in the above proposition, as illustrated by the following simple example.

Example 2 Suppose K is infinite dimensional and choose X to be a single
point {x}. The space of functions KX, naturally identified with K, is a RKH
space of K valued functions with reproducing kernel I'(z,x) = I. Letting p
be a non-null measure on X, LP(X, pu;K) is identified as a Banach space
with KX endowed with this structure of RKH space. But the identity map
K~ KX — LP(X,u;K) ~ K is not compact.

5 Continuity

In this section we assume that X is a topological space and we characterize
the RKH spaces whose elements are continuous functions. For the scalar
case see [3].

5.1 Notations

Let X be a locally compact topological space and K a Hilbert space (in
this section we do not assume that K is separable). We denote by C (X; K)
the vector space of continuous functions f : X — K. The space C (X;K)
is endowed with the topology of compact convergence, so that a sequence
(fn)pen in C (X; K) converges to a function f if

lir}rl sup || fu(z) — f(@)l[c = O
n— OOLEEC
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for every compact set C' in X.
If H is another Hilbert space, a map v : X — B(K;H) is strongly continuous
if the function z — v(x)v is continuous from X to H for all v € K.

5.2 Main result

Let X be a locally compact topological space and IC a Hilbert space. Let H
be a K-valued RKH space with reproducing kernel T'.

Proposition 12 The following facts are equivalent:
1. the elements of H are continuous functions;

2. the kernel T is locally bounded and, for all x € X, the map T'(-,z) is
strongly continuous.

If one of the above conditions holds, the inclusion operatori, : H — C (X;K)
18 continuous.

Proof.
1) = 2) Given z € X and v € K, by definition
I'(,x)v=eviveHCC(X;K).

so that I'(-,z) is strongly continuous. We show that I' is locally
bounded. Given xzg € X, let C' be a compact neighbourhood of zg
(C exists since X is locally compact). For any f € H, the continuity
of f ensures that

sup [leva(f)llx = sup [ f(z) [ < M.
zeC zeC

The principle of uniform boundedness implies

igg\\evam < M.

The claim follows observing that

sup ||T'(z,y = sup ( evzev: )S sup ( ev ev >§M2.
s @)l = s (levsesil, ) < s (levalloval,
2) = 1) Let

Ho =span {I'(,z)v |z € X, veK}.
The elements of H are continuous by hypothesis and (4) ensures that
Hy is total.

Given f € H and zy € X, we prove that f is continuous in xzg.
Let (fn),en be a sequence in ‘Ho converging to f. Since I' is locally
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bounded the convergence is uniform on a neighbourhood of xg, so f is
continuous at xg.

In particular the inclusion operator is continuous, since a sequence of
functions (fy),cy converging to f in H converges uniformly to f on
each compact subset of X.

|
The following corollary gives a simple condition ensuring that H is separable

Corollary 3 Let ‘H is a K-valued RKH space of continuous functions. As-
sume that X and IC are separable, then H is separable.

Proof. The separability of X ensures that there is a denumerable dense
subset Xg C X and, since K is separable,

S = UImv(m)CH

r€Xo

is separable, too. We show that S is total, so that H is separable. Indeed,
let f € S, then f € kervy(z)* for all z € X, that is, f(z) = ev,f = 0.
Since f is continuous and Xy is dense, f =0. =

We now come to the problem of characterizing the compactness of the
inclusion operator.

Proposition 13 Let ‘H be a K-valued RKH space with reproducing kernel
I'. The following facts are equivalent:

1. the inclusion 1. : H — C (X;K) is compact;

2. T is continuous with respect to the uniform norm topology and I'(x, )
is a compact operator for all x € X.

Proof. We denote by B the unit ball in H. Condition 1 is equivalent to
show that ¢, (B) is precompact in C (X; ). Due to the local compactness
of X this is equivalent (Ascoli-Arzeld theorem) to

a) {f(x) =~*(x)f | f € B} is precompact in K for every x € X;
b) . (B) is equicontinuous.

Condition a) is equivalent to the fact that v(x)* is compact, so is I'(z, x) for
all x € X. Moreover, since

sup [|(2p f) () = (L W)l = @) =W,

feB

= (IP@2) + T(y.y) = T(@,9) - T, 2l )

22
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condition b) is equivalent to the continuity of I' with respect to operator
norm topology. m

Notice that the correspondence given by Prop. 4 is not useful since X x K
is not locally compact and Ascoli-Arzeld theorem is no longer true (as an
equivalence).

5.3 Integrability and continuity

In many examples K is a separable Hilbert space and X is a locally compact
second countable Hausdorff space endowed with a positive Radon measure
. Hence X is separable and p is a o-finite measure.

If I is a K-kernel of positive type such that

1. T'is fl—bounded with respect to u for some 1 < p < oo,
P

2. I is locally bounded and strongly continuous in the first entry,

the results of Section 4 and 5 ensure that the elements of the corresponding
RKH space H are continuous p-integrable functions f : X — K and these
conditions are also necessary.

By Corollary 3 ‘H is a separable Hilbert space and the inclusion 7, can be
regarded as a bounded operator from H either to LP(X, u; K) or to C(X, K).
In the second case 1. is injective, whereas in the first one

Keru, = {f(z) = 0|z € supp p}, (17)

where supp i is the support of the measure p.

Finally, assume that X is a compact set, I" is bounded, I'(+, z) is strongly
continuous and I'(z, z) is a compact operator for all x € X. Since p is finite,
the map = — I'(z,x) is p-integrable, so I' is g-bounded for all 1 < p < oo
and the inclusion ¢ is always compact as a map in LP(X, u; ). However, in
order ¢, be compact as a map in C(X; ) C LP(X, y; K), it is necessary (and
sufficient) that I' is continuous from X x X into By(K) with the uniform
norm topology .

6 Mercer theorem

In this section we characterize the RKH spaces of K-valued functions that
are subspaces of L2(X, u;K) in terms of the spectral decomposition of the
integral operator L.

6.1 Notations

If KC is a Hilbert space and v, ve € K, we let v1 ® vy be the rank one operator
in K defined by

(v1 ® v2)(w) = (w, v2) 1 w e K.
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If ¥ is a o-algebra and ¥ 5 E — P(E) € B(K) is a projection valued
measure, for all v,w € K we denote by (dP(\)v,w), the bounded complex
measure defined by E +— (P(E)v,w),. If (v;)ier is a summable family in IC,
we denote by ), .;v; the sum with respect to the notion of summability.

6.2 Main result

The following proposition extends Mercer theorem to a noncompact set,
compare with [13].

Let X be a measurable space endowed with a o finite measure p and K
a separable Hilbert space. Let H be a K-valued RKH space on X with
reproducing kernel I'. We assume that H is separable, I' is 2-bounded with
respect to p and the inclusion ¢, : H — L*(X, pu; K) is injective.

We let
L. = / AdP()N)
op

be the spectral decomposition of the integral operator L, = 1.4}, where o,
is the spectrum of L, and E +— P(FE) is the spectral measure (since L. is a

positive bounded operator, o, is a compact subset of [0, +00) ).

Proposition 14 With the above assumptions the following facts hold
1
(M) = (o€ PXuK)| [ 5 @POG.0), < +o} (19
9r

(o = [ SAPOeting)y  VigeH, (19)

T

Proof. The polar decomposition of the adjoint +7 gives

1
V= W(zrz;)% =WLZ,

r
where W is a partial isometry from L?(X, u; K) to H with
W*W = P(o.\{0}) and WW* = Iy (20)

where the last equality holds since .. is injective. It follows
1
1. = LEW™, (21)

1
so that o (H) is the range of L# and the spectral theorem implies (18).
To show (19) let f,g € H. Recalling (20),

(g = W1 Wg), = [

g

@PONW* £, W)y = [ 5 (APt 1eg),

r or
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where the last integral makes sense since, by (21),

(AP(\)ig f109)y = <dP(A)L§ W*r L2 W*g> — NAPO)W* £, W), .
2

If X is a locally compact second countable Hausdorff space endowed with a
positive Radon measure p such that supp g = X, to ensure both that H is
separable and that 1. is injective as a map into L*(X, p; K), it is sufficient
that T" is 2-bounded, locally bounded and strongly continuous in the first
entry. In this setting, (18) allows us to identify the elements of H with the
only 1continuous functions on X whose equivalence cla:ss belongs to the range
of LZ. With this identification, (19) implies that L2 is a unitary operator
from Ker L onto H, compare with [10].

1
If 2. is not injective, L2 is a unitary operator from Ker LFL onto Ker z#-
(see (13) and (17) for a characterization).

As a consequence of the above result we have the following version of
Mercer theorem. Let v be a positive o-finite measure defined on the Borel
o-algebra ¥(o,.) such that v(E) = 0 if and only if P(E) = 0 (it exists and
is unique, up to an equivalence, by Hellinger-Hahn theorem).

Theorem 1 With the assumptions of Th. 14, for all z,y € X and v,w € K
there is a complex measurable function pg .. defined on o such that

T g)o,w)e = [ X prauuw NN, (22)

Given E € X(o.) with 0 € E, any basis of Im P(E) is of the form (1.¢n)ner,

the family ((v, on(Y)) i (Pn(2), W) ), e s summable, the function Xgpe y;ew
s v-integrable and

[ PassnsOA ) = 3 (06, 1) c () ) (23)
nel

If x =y and v = w, given a basis for Im L. of the form (i .¢n)ner, the
following two conditions are equivalent

1. the function pg g 15 V-integrable;
2. 1. (y(x)v) € Im L.

If one of the above conditions holds, the family (|<¢n (z), U>IC|2)neI s summable
and

/ Pa,ziw(A)dr(A) = |‘L;12r7(5’7)UH§ = Z |<¢n(x)av>/c|2- (24)

r nel
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Proof. Let W be the partial isometry defined in the previous proof so

1

that 1, = LEW*. Given z,y € X and v,w € K, the definition of v implies
that the bounded complex measure (dP(A\)W*y(y)v, W*v(z)w), has density
T yww € L' (0, V) with respect to v. Let

1
— Xﬂ-m7y;v7w()\) A # 0
px,y;v,w(A) - { 0 = 0 ’

then pg .00 is measurable and X — Apg 0.0 (A) is v-integrable, so that
[ Ay = [P W),
a. O'F

) — (Ploy \ (0)W (v, Wy (@),
(Y(W)v, v(@)w)s = (C(z,y)v, w)

since (20).
Let now E € %(0,.) be such that 0 ¢ E. This last fact and the spectral

1
theorem imply that Im P(E) C Im L¢ = 1.(H). Hence, any basis of Im P(£)
is of the form (2;.¢pn)ner. Since 0 € E, XE payw,w 1S v-integrable and

[y = [ XEA“) (@POVV ™ (5)0, I ()
E
_ / L (AP P(EYW S (y)o, PIEYW 5 (z)w),

- <L; S P(E)YW (). Ly éP(E)W%c>w> (25)

2

1
where P(E)W*~(x)w and P(E)W*v(y)v are in Im L¢.
1
Let now J a finite subset of I. Since 1. ¢, = LEW*¢, and WW* = Iy

S (L PEW A n60) (etn e PEW ()0 )

neJ 2 2
= nze:] <W Y(y)v, Ly Zr¢n>2 <LF 21pOn, W ’y(zc)w>2
= Wy (y)v, W*en)y (W, Wy (2)w),
neJ
= Z ’U ¢n (Z)n, ( )’LU)H = Z <U,¢n(y)>lc<¢n(x)aw>lo
neJ neJ

where we used that y(x)* = ev,. Since the family (:.¢p)ner is basis for
Im P(E)

¥ <LF 2P(E)W 5 (y), zr¢n>2 <zr¢n, Ly éP(E)W*w(ac>w>

nel 2
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1 _1
is summable with sum <LF 2P(EYW*y(y)v, Ly 2P(E)W*7(x)w> , and (23)
2
follows by means of (25).

Finally, if € X and v € K, the measure (dP(A\)W*y(x)v, W*y(x)v), is
positive, S0 pg .00 18 positive v-almost everywhere. The spectral theorem

1
implies that ps z.,, is v-integrable if and only if W*y(z)v € ImLZ. By
means of (21), this condition is equivalent to :.y(x)v € Im L. and, if it is

satisfied,
2

[ ) = \ L Wy () (26)

T

2

Let (¢n)ner be a family in H such that (¢.¢n)ner is a basis of Im L, (such
a basis exists since the closure of H in L?(X, u;K) is Im L,.). Reasoning as

above
S lgule).ohel? = 3| (L Hudn Whataie)

nel nel
1
The sum in the right side is finite since W*y(z)v € Im L and its sum is

2
_1
L. 2W*y(x)v|| . Eq. (26) implies (24). =

2

2

Eq. (22) can be seen as an application of the result of Section 10 of [16]
applied to the projection measure E +— W P(E)W*.

Assume now that the integral operator L. has a pure point spectrum.
Eq. (18) implies that there is a family (¢n)ner € H such that (¢1.¢n)ner is a
basis of Ker LFL and

= Z >\’I’L Zr(bn X2 Zp¢n7
nel
where A\, > 0 and the sum converges in the strong operator topology. In
this setting (19) becomes

1w (H) = {¢ € L*(X,1:K) | Z [ (¢, dn)y |7 < +00}.

Moreover, by (19) the family (v/An¢n)ner is a basis of H, so

Z )\neV:r ¢n QK ¢n eV = Z An¢n ®IC (bn Z F $ y
nel nel nel
(27)
where I'y,(z,y) = Mdn(z) @k dn(y) is a K-kernel of positive type, the sum
converges in the strong operator topology and absolutely in the weak oper-
ator topology. Finally, if f,g € H, (19) gives

5= 3 5 Gt e bnteg)s = X 35 [ (Pl ) @), 9w duodn(y)

nel nel =™
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since, by definition of 'y, <Fn(y, l’)f(l‘), g(y)>lc = )‘n<f($)a ¢n(x)>lc<¢n(y)ag(y)>lc
Hence Mercer theorem can be seen as the decomposition of the RKH H in

the direct sum of RKH spaces ‘H,, with reproducing kernel I';, and this de-
composition is defined by the spectral structure of L., see Prop. 19 of [3].
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A Vector Valued Shur lemma

The following lemma is needed for the proof of Prop. 11 and it is well
known for K = C (Schur lemma). We denote by ¢}(K) the Banach space
LY(N,v;K), v being the counting measure of N. Similarly, we write £>°(K)
for the Banach dual L>(N,v; K) of £1(K).

Lemma 1 Suppose (fy),cy is a sequence of elements in (*(K) such that
(i) for allj €N, fo(j) — 0in K;
(i) fn — 0 weakly in (1(K).

Then f, — 0 in £1(K).

Proof. We report a rearrangement of the proof given in [24, p. 135] for
K =C.

Let ball £°°(KC) be the unit ball of £*°(K) endowed with the weak-* topol-
ogy. Since ¢1(K) is separable, ball/>°(K) is metrizable. Fix a sequence
(vn)pen Which is dense in the unit ball of K. If ¢, € ball £°°(K), define

(¢, ) => 277> 27" [(un, () — ()l -
=0 h=0

Then, d(¢,v) < oo, and d is a metric in ball/*°(K). We claim that d
defines the weak-* topology of ball £°°(K). Indeed, given (¢y),y and 9 in
ball £>°(KC), d(¢n,1) — 0 if and only if

and this is in turn equivalent to

w—lim ¢, (j) =9(j) VjeN.

n—oo

It is then easy to check that if ¢, — 1 in the weak-* topology, then
d(¢n, ) — 0. Conversely, suppose d(¢,,1) — 0, and let f € £1(K), € > 0.
Fix je > 0 such that } .. [|f(j)llc < €/4. Let nc be such that for all n > n.

[(F(G), n(d) =G| < €/2je Vi< je— 1.

For n > n.

(700 = )l < 3TIIG)00() = YUKl < e +27 =€

The claim is thus proved.
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Suppose now (f),,cy is as in the statement of the lemma, and let € > 0.
For all m € N, set

Fo = {0 € ballt>(K) | [{fn, ®)n| < €/3¥n >m}.

F,, is a closed subset in ballf*(K), and UpenFy, = balll>*(K). Since

ball £>°(K) is metrizable and compact, hence complete, by Baire category

theorem there are mg € N, § > 0 and ¢ € F),,, such that {¢) € ball¢>°(K) | d(¢,¢) < 0} C
Fn,. Fix N € N such that ijN 277 < §/4. For all n > my, define

Yy, € ball £°(KC) as follows

o 4()) i< N -1
¥nld) = { O/ G #i=N

(with 0/0 = 0). We have d(¢n, ¢) < 0, and so ¢, € Fp,,. It follows that for

n > mg

N—

—

+ZHfTL ”IC _|<fn77/}n>£1’<6/3

J=0

Since limy,—oo || fn(j)| = 0 for all j by hypothesis, there exists m; > my
such that

Z £l < €/3 ¥n>ma.

If n > m1, we thus have

N— o) N—-1
11l ann Wi + 1D 1l + 3 (fa
j=0 j=N j=0
N—-1
+ <fn(])7¢(])>lC <€,
j=0

and the lemma is proved. m
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